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Fractional statistics is one of the most intriguing features of topological phases in 2D. In partic-
ular, the so-called non-Abelian statistics plays a crucial role towards realizing universal topological
quantum computation. Recently, the study of topological phases has been extended to 3D and
it has been proposed that loop-like extensive objects can also carry fractional statistics. In this
work, we systematically study the so-called three-loop braiding statistics for loop-like excitations
for 3D fermionic topological phases. Most surprisingly, we discovered new types of non-Abelian
three-loop braiding statistics that can only be realized in fermionic systems (or equivalently bosonic
systems with fermionic particles). The simplest example of such non-Abelian braiding statistics
can be realized in interacting fermionic systems with a gauge group Z2 × Z8 or Z4 × Z4, and the
physical origin of non-Abelian statistics can be viewed as attaching an open Majorana chain onto
a pair of linked loops, which will naturally reduce to the well known Ising non-Abelian statistics
via the standard dimension reduction scheme. Moreover, due to the correspondence between gauge
theories with fermionic particles and classifying fermionic symmetry-protected topological (FSPT)
phases with unitary symmetries, our study also give rise to an alternative way to classify FSPT
phases with unitary symmetries. We further compare the classification results for FSPT phases
with arbitrary Abelian total symmetry Gf and find systematical agreement with previous studies
using other methods. We believe that the proposed framework of understanding three-loop braiding
statistics (including both Abelian and non-Abelian cases) in interacting fermion systems applies for
generic fermonic topological phases in 3D.
I. INTRODUCTION
Topological phases of quantum matter are new kind
of quantum phases beyond Landau’s paradigm. Since
the discovery of fractional quantum Hall effect (FQHE),
fractionalized statistics of point-like excitations in topo-
logical phases has been intensively studied in 2D strongly
correlated electron systems. In the past decade, the the-
oretical prediction and experimental discovery of topo-
logical insulator and topological superconductor in 3D
systems have further extended our knowledge of topolog-
ical phases into higher dimensions. As a unique feature,
the excitations of 3D topological phases not only contain
point-like excitations, but also contain loop-like excita-
tions. Therefore, we are not limited to particle-particle
braiding statistics, but also have to extend our study to
particle-loop braiding and loop-loop braiding. Due to
topological reasons, point-like excitations in 3D can only
be bosons or fermions. In addition, particle-loop braiding
can be understood in terms of Aharonov-Bohm effect and
loop-loop braiding is equivalent to particle-loop braiding
which can be understood by shrinking one of the loops to
a point-like excitation. As a result, for a long time, peo-
ple thought there was no interesting fractional statistics
in 3D beyond the Aharonov-Bohm effect. Surprisingly,
a recent breakthrough pointed out that loop-like excita-
tions can indeed carry interesting fractional statistics via
the so-called three-loop braiding process1–3: braiding a
loop α around another loop β, while both are linked to a
third loop γ, as shown in Fig.1. Apparently, such kind of
braiding process can not be reduced to the particle-loop
braiding due to the linking with a third loop. So far, it
has been believed that the three-loop braiding process is
the most elementary loop braiding process in 3D.
Another natural question would be: Whether we can
use three-loop braiding process to characterize and clas-
sify all possible topological phases for interacting fermion
systems in 3D? Recent studies on the classification of
topological phases for interacting bosonic and fermionic
systems in 3D suggests a positive answer to the above
question. Basically, it has been conjectured that all topo-
logical phases in 3D can be realized by “gauging” cer-
tain underlying symmetry-protected topological (SPT)
phases4,5. For bosonic systems, the “gauged” SPT states
are known as Dijkgraaf-Witten gauge theory, and it has
been shown (at least for Abelian gauge groups) that
three-loop braiding process of their corresponding flux
lines can uniquely characterize and exhaust all Dijkgraaf-
Witten gauge theories6. For fermionic systems, some par-
ticular examples with Abelian three-loop braiding pro-
cess are also studied recently7. However, it is still unclear
how to understand general cases.
In this work, we attempt to systematically under-
stand the three-loop braiding statistics for gauged in-
teracting fermionic SPT (FSPT) systems with general
Abelian symmetry groups. In particular, we discover new
types of non-Abelian three-loop braiding statistics that
can be only realized in the presence of fermionic par-
ticles (accordingly beyond Dijkgraaf-Witten theories).
The simplest symmetry group supporting such kind of
non-Abelian three-loop braiding process is Z2 × Z8 or
Z4×Z4. (More precisely, the corresponding total groups
are Gf = Zf2 ×Z2×Z8 or Zf2 ×Z4×Z4 if we include the
total fermion parity symmetry Zf2 .) A simple physical
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2FIG. 1. The so-called three-loop braiding process, that is,
braiding one loop α around another loop β, while both of
them are linked to a third loop γ
FIG. 2. Attaching an open Majorana chain onto a pair of
linked loops realizes the so-called Ising non-Abelian three-
loop braiding process.
picture describing the corresponding non-Abelian statis-
tics can be viewed as attaching an open Majorana chain
onto a pair of linked flux lines (Z2 and Z8 unit flux lines
for the former case and two different Z4 unit flux lines
for the latter case). In 1D, it has been shown that a
Majorana chain will carry two protected Majorana zero
modes on its open ends8. Interestingly, in 3D, a flux line
attached with a Majorana zero mode must be linked to
another flux line as shown in Fig. 2. Instead, if the loops
are unlinked, they can never carry Majorana zero modes,
as one can always smoothly shrink the flux loops into a
point like excitation with a single Majorana zero mode
on it. However, it is well known that in 3D a point like
object can only be boson or fermion, and it is impossi-
ble to carry Ising non-Abelian statistics induced via the
Majorana zero mode. In such a way, it is much easier
to understand the non-Abelian nature of the three-loop
braiding statistics, since a pair of linked flux lines always
carries two topological Majorana zero modes that gener-
ate the two-fold degeneracy. Similar to the 2D case, the
braiding statistics between two loops that linked with a
third loop should be characterized by a unitary matrix
instead of a phase factor. Another way to understand
the non-Abelian nature of the three-loop braiding statis-
tics is to use the standard dimension reduction method
to deform the 3D lattice model into a 2D lattice model9,
e.g, by shrinking the z-direction to single lattice spac-
ing such that the flux line along the z-direction can be
regarded as a 2D particle which is nothing but the well
known Ising non-Ableian anyon10 with quantum dimen-
sion
√
2. Not only we uncover this new Majorana-type
non-Abelian three-loop braiding, but we also derive a
classification of 3D FPST phases with Abelian symme-
try.
II. OVERVIEW
A. Classification of SPT phases in interacting
fermion systems with unitary symmetries
A gapped quantum many-body system is said to be in
a symmetry-protected topological (SPT) phase when the
ground state is short-range entangled and does not break
any global symmetries. That is, the ground state can be
connected to a trivial product state via finite depth lo-
cal unitary (LU) transformations when the symmetries
are broken11. Two states belong to the same SPT phase
if they can be connected by finite depth symmetric lo-
cal unitary (SLU) transformations without closing the
energy gap. In low dimensions (up to 3D), the group co-
homology theory12–14 gives rise to a complete classifica-
tion of bosonic symmetry-protected topological (BSPT)
phases for arbitrary finite unitary symmetry groups. In
this classification, BSPT phases have a one-to-one cor-
respondence to the elements in the cohomology group
Hd+1(G,U(1)), where G is the symmetry group and d is
the spatial dimension of the system. The group multi-
plication law in Hd+1(G,U(1)) corresponds to how the
BSPT phases compose under stacking operation. The
classification can be generalized to fermionic symmetry-
protected topological (FSPT) phases by more advanced
constructions15–19. One of these attempts is the so-called
(general) group super-cohomology theory, including the
incomplete special version proposed in Ref. 20 and the
complete scheme that is recently proposed in Refs. 21
and 22.
On the other hand, by gauging the global symmtries
in the group Gf of FSPT phases, the gauged system will
contain two types of topological excitations: charge exci-
tations which are point-like, and vortex excitations which
are point-like in 2D and loop-like in 3D. These excita-
tions obey nontrivial braiding statistics. That is, they
are anyons10. Topological invariants that distinguish the
original FPST phases can be defined through the braid-
ing statistics of the charge and vortex excitations. A one-
to-one mapping between the classification inferred from
braiding statistics and the group super-cohomology clas-
sification has been studied explicitly in 2D for general
finite Abelian unitary groups23. For 3D FSPT phases,
3braiding statistics has been studied in Ref. 7 in the case
that the loops are Abelian. This paper aims to generalize
the study of 3D FSPT phases to the case that there exist
non-Abelian loop-like excitations. It is expected that the
same classification as Ref. 22 can be obtained from loop
braiding statistics and the associated topological invari-
ants. Indeed, we will show that the two classifications
agree for finite unitary Abelian symmetry groups.
Here we briefly summarize the main results of Refs. 21
and 22. We will not consider anti-unitary symmetries
such as time reversal, as the braiding statistics method
is only applicable to unitary symmetries so far. The (gen-
eral) group super-cohomology theory is a layer construc-
tion of fixed-point wave functions of FSPT states. For
3D systems with unitary symmetries, it contains three
layers: (1) a BSPT layer described by a U(1)-valued 4-
cochain ν4 ∈ C4(Gb, U(1)); (2) a complex fermion layer
described by a Z2-valued 3-cochain n3 ∈ C3(Gb,Z2); (3)
A Kitaev-chain layer described by a Z2-valued 2-cochain
n2 ∈ C2(Gb,Z2). In our notation, the total symme-
try group Gf is a central extension of the group Gb by
the fermion parity group Zf2 , through the short exact se-
quence
1→ Zf2 → Gf → Gb → 1 (1)
where inequivalent classes of central extensions are clas-
sified by inequivalent 2-cocycles ω2 ∈ H2(Gb,Z2). How-
ever, not every choice of (ν4, n3, n2) corresponds to a
valid construction of FSPT phase. A valid construction
should be both obstruction-free and trivialization-free.
The (general) group super-cohomology theory is math-
ematically very solid. However, the computation of ob-
struction and trivialization is not very handy. The stack-
ing group structure of FSPT phases is not very explicit
either. On the other hand, the braiding statistics ap-
proach that we will describe gives explicit classification
of FSPT phases.
Stacking Group Cases Classification
A If m is odd Z1
If m is even Z1
Bi If m is odd Z1
If m is even Zgcd{N0/2,2Ni} × Zgcd{N0/2,Ni}/2
Cij If m is odd and Ni = Nj = 2 Z2 × Z2
If m is odd and Ni = 2, Nj = 4 Z4 × Z2
If m is odd and Ni = 2, Nj ≥ 8 Z8 × Z2
If m is odd and 4 ≤ Ni ≤ Nj Zgcd{2Ni,Nj} × Zgcd{2Nj ,Ni} × Z2
If m is even Zgcd{2Ni,Nj} × Zgcd{2Nj ,Ni} × Zgcd{N0/2,Nij} × ZN0ij/2
Dijk If m is odd and Ni = Nj = Nk = 2 Z2 × Z2
If m is odd, Ni = Nj = 2 and Nk ≥ 4 Z4 × Z2
If m is odd and otherwise ZNijk × ZNijk × Z2
If m is even ZNijk × ZNijk × Z0ijk
Eijkl If m is odd ZNijkl
If m is odd ZNijkl
Table I. Classification of 3D FSPT phases with finite unitary Abelian symmetry groups (For simplicity, we only
consider symmetry groups ZNµ with Nµ being power of 2, and we assume Ni ≤ Nj ≤ Nk ≤ Nl without loss of
generality), where m = N0/2 and ”gcd” means the greatest common divisor.
B. Main results
The main purpose of this work is to study non-Abelian
loop braiding statistics in three-loop braiding processes
of gauged FSPT phases, and to obtain a classification of
3D FSPT phases. We focus on finite Abelian groups of
unitary symmetries, which can generally be written as
Gf = ZfN0 ×
K∏
i=1
ZNi (2)
where a detailed description of the symmetry group is
given in Sec. III A.
We start by defining a set of 3D topological invari-
ants {Θµ,σ,Θµν,σ,Θµνλ,σ} through the three-loop braid-
ing processes (Sec. IV). Our definitions are very similar
to those for 2D FSPTs given in Ref. 23, which actually
can be related by dimension reduction6. Next, we find 14
constraints on {Θµ,σ,Θµν,σ,Θµνλ,σ}, listed in Sec. IV B.
Out of these constraints, seven follow directly from 2D
constraints23, while the other seven are intrinsically 3D.
4All intrinsically 3D constraints can be traced back to ei-
ther the 3D Abelian case7 or 3D non-Abelian bosonic
case6. Unfortunately, we are not able to prove all the con-
straints; those we can prove are discussed in Appendix
C. Finally, by solving the constraints, we obtain a classi-
fication of 3D FSPT phases in Table I. The classification
group Hstack under the stacking operation has the fol-
lowing general form,
Hstack = A×
∏
i
Bi×
∏
i<j
Cij ×
∏
i<j<k
Dijk×
∏
i<j<k<l
Eijkl (3)
where i, j, k, l take values in 1, 2, ...,K, and
A,Bi, Cij , Dijk, Eijkl are finite Abelian groups. This
classification is one of the main results. While it is
obtained from a set of partially conjectured constraints,
it agrees with all previously known examples. This
justifies the validity of the classification.
At the same time, our exploration uncovers several new
kinds of non-Abelian loop braiding statistics, in partic-
ular the new kind that involves Majorana zero modes
(Fig. 2), which we have briefly mentioned in the intro-
duction. In fact, the correspondence between the layer
construction in Refs. 21 and 22 and the three-loop braid-
ing statistics data can be extracted. More explicitly,
we pick out several special topological invariants, named
statistics-type indicators, to indicate non-Abelian loop
braiding statistics with different origins:
1. Θ00i,j = pi indicates that the original FSPT phase
carries the Kitaev-chain layer. That is, the type-i
and type-j unit vortices carry unpaired Majarana
modes when they are linked. Note that Θ00i,j = pi
occurs only when m is odd.
2. We define two indicators Θfi,j ≡ N0igcd(2,Ni)Θ0i,j and
Θfij,k ≡ Θiij,k = mΘ0ij,k. (The indicator Θfi,j
was first introduced in Ref. 7.) When either of
them does not vanish, the original FSPT phase con-
tains the complex fermion layer. Moreover, when
Θfij,k 6= 0, the complex-fermion layer exhibits non-
Abelian three-loop braiding statistics.
3. When Θijk,l 6= 0 or {Θfij,k = 0,Θ0ij,k 6= 0}, it in-
dicates that non-Abelian three-loop statistics orig-
inates from the BSPT layer.
By checking the linear dependence among the topolog-
ical invariants, we can also determine relations between
the three layers, i.e., simply stacked or absorbed. Fur-
thermore, invoking the known model construction for 2D
FSPT phases23 and by the fact that quantum dimensions
are invariant under dimension reduction, we can find the
quantum dimensions of loop-like excitations linked to cer-
tain base loops. From the quantum dimensions, we fur-
ther show that the non-Abelian statistics resulting from
the Kitaev-chain layer is due to the unpaired Majorana
modes attached to loops.
III. PRELIMINARIES
In this section, we first discuss the basics of symme-
tries in fermionic systems and loop braiding statistics in
gauged 3D FSPT phase.
A. Symmetries in interacting fermion systems
Fermionic systems have a fundamental symmetry—the
conservation of fermion parity: Pf = (−1)Nf , where Nf
is the total number of fermions. The corresponding sym-
metry group is denoted as Zf2 = {1, Pf}. In the presence
of other global on-site symmetries, the total symmetry
group Gf is the central extension of the bosonic symme-
try group Gb by the fermion parity Zf2 , determined by
the short exact sequence Eq. (1) or equivalently by the
2-cocycle ω2 ∈ H2(Gb,Z2). In this work, we consider a
general Abelian unitary symmetry group of the following
form denoted as:
Gf = ZfN0 ×
K∏
i=1
ZNi
where N0 = 2m is an even integer. One can show
that any finite Abelian symmetry group in fermionic
systems can be written in this form, after a proper
isomorphic transformation. Throughout the paper, we
use the convention that µ, ν, λ, σ = 0, 1, 2, ...,K, and
i, j, k, l = 1, 2, ...,K.
The bosonic symmetry group is expressed as
Gb = Gf/Zf2 = ZN0/2 ×
K∏
i=1
ZNi (4)
For simplicity, we will mainly consider the case that m
and all Ni are powers of 2, i.e.,
Nµ = 2
nµ , m = 2n0−1 (5)
where n0 ≥ 1. When n0 = 1 (i.e. m = 1), the central
extension of Gb is trivial; when n0 ≥ 2, the central ex-
tension of Gb is nontrivial. This simplification does not
exclude any interesting FSPT phases because odd fac-
tors of each Nµ can be factored out. Moreover, n2 and
n3 are always trivial if all Ni’s are odd integers. Ac-
cordingly, neglecting the odd factors, we only lose some
BSPT phases, whose classification and characterization
are well studied12.
B. Quasiparticle Excitations and Three-Loop
Braiding
To study FSPT phases with symmetry group Gf , we
will gauge the full symmetry. That is, we introduce a
gauge field of gauge group Gf and couple it to the FSPT
system through the minimal coupling procedure (see
5Refs. 4 and 6 for details of the procedure). The result-
ing gauged system is guaranteed to be gapped through
that procedure, which is actually topologically ordered.
It contains two types of topological excitations:
(i) Point-like excitations that carry gauge charge. We
label them by a vector q = (q0 , ..., qK), where qµ is an
integer defined modulo Nµ. We will use q to denote both
the excitation and its gauge charge. This is legitimate
because gauge charge uniquely determines charge excita-
tions. Charge excitations are Abelian anyons. Fusing two
charge excitations q1 and q2, we obtain a unique charge
excitation q = q1 + q2.
(ii) Loop-like excitations that carry gauge flux. We
call them vortices, vortex loops or simply loops, and la-
bel them by α, β, . . . . The gauge flux carried by loop
α is denoted by φα = (
2pi
N0
a
0
, ..., 2piNK aK), where aµ is an
integer defined modulo Nµ. There exist many loops that
carry the same gauge flux, which differ from each other
by attaching charges. Unlinked loops are Abelian, how-
ever they may become non-Abelian when they are linked
with other loops. Hence, fusion of vortex loops depend on
whether they are linked or not. Nevertheless, regardless
Abelian or non-Abelian, gauge flux always adds up. Gen-
eral vortex excitations are not limited to simple loops.
For example, they may be knots or even more compli-
cated structure. In this work, we only consider simple
loops and links of them. So far, properties of loops are
enough to characterize gauged FSPT systems.
We need to consider three types of braiding statistics
between the loops and charges1:
First, charge-charge exchange statistics. A charge is ei-
ther a boson or fermion, depending on the gauge charge it
carries. More explicitly, the exchange statistics of charge
q is given by
θq = piq0 (6)
That is, when q0 is odd, it is a fermion. Otherwise, it
is a boson. Mutual statistics between charges are always
trivial.
Second, charge-loop braiding statistics, which is the
Aharonov-Bohm phase given by
θq,α = q · φα (7)
where “·” is the vector dot product. We single out a spe-
cial class of vortex loops, those carrying the fermion par-
ity gauge flux φ = (pi, 0, . . . , 0). We denote these fermion-
parity loops as ξf . The mutual statistics between charges
and fermion-parity loops are simply given by23 :
θq,ξf = q · φξf = piq0 (8)
We notice that the self-exchange statistics of a charge q
is equal to Aharonov-Bohm phase θq,ξf , which is required
by the very definition of fermion parity symmetry.
Third, loop-loop braiding statistics. It was shown
in Ref. 1 that the fundamental braiding process be-
tween loops is the so-called three-loop braiding statistics
(Fig. 1):
Let α, β, γ be three loop-like excitations. A three-loop
braiding is a process that a loop α braids around loop β
while both linked to a base loop γ.
On the other hand, if there is no base loop, the two-
loop braiding process can always be reduced to charge-
loop braiding statistics:1
θαβ = qα · φβ + qβ · φα (9)
Here qα is the absolute charge carried by loop α, which
can be obtained by shrinking the loop to a point. Since
charge-loop braiding statistics is universal for all FSPT
phases with the same symmetry group Gf , two-loop
braiding is not able to distinguish different FSPT phases.
In the presence of a base loop γ, the notion of abso-
lute charge is not well defined as shrinking loop α to a
point will inevitably touch the base loop. Accordingly,
three-loop braiding statistics can go beyond Aharonov-
Bohm phases, as already demonstrated in many previous
works.1,6,7
While the gauge group Gf is Abelian, three-loop braid-
ing process is not limited to be Abelian. As mentioned
above, linked loops can be non-Abelian in general, and
three-loop process involves linked loops. Let us consider
loops α, β, which are linked to the base loop γ. The base
loop γ carries gauge flux φγ = (
2pi
N0
, ..., 2piNK ) · c, where c is
an integer vector. Generally speaking, the fusion space
between α and β, denoted as Vαβ,c, is multi-dimensional
(we use this notation because the fusion and braiding
process only depend on the gauge flux of the base loop).
More explicitly,
Vαβ,c =
⊕
δ
V δαβ,c (10)
where loop δ are the possible fusion channels of α and
β. Braiding between α and β is a unitary transformation
in the fusion space, which in general is not just a phase,
but a matrix, leading to non-Abelian three-loop braiding
statistics. Similarly to anyons in 2D, one can define fu-
sion multiplicities Nδαβ,c, F - and R-matrices to describe
the loop fusion and braiding properties.6 We give more
detailed description in Appendix B.
IV. TOPOLOGICAL INVARIANTS
In this section, we define the topological invariants
{Θµ,σ,Θµν,σ,Θµνλ,σ} through the three-loop braiding
statistics. Then, we discuss the 14 constraints on the
topological invariants.
A. Definitions
Generally speaking, the full set of braiding statis-
tics among particles and loops is very complicated, in
particular when the braiding statistics are non-Abelian.
Here, we define a subset of the braiding statistics data,
6which we call topological invariants. They are Abelian
phase factors associated with certain composite three-
loop braiding processes, and thereby are easier to deal
with. Yet, this subset still contains enough information
to distinguish all different FSPT phases, as we will show
later.
We will define three types of topological invariants,
denoted by Θµ,σ, Θµν,σ and Θµνλ,σ respectively. The
definitions are straightforward generalizations of the 2D
counterparts given in Ref. 23. To do that, we introduce
a notation. Let ξµ be a loop that carries the type-µ unit
flux, i.e., φξµ =
2pi
Nµ
eµ, where eµ = (0, ..., 1, ..., 0) with the
µ-th entry being 1 and all other entries being 0. Then,
we define Θµ,σ, Θµν,σ, and Θµνλ,σ as follows. These def-
initions work for all Nµ, not limited to the special values
in Eq. (5).
(i) We define
Θµ,σ = N˜µθξµ,eσ (11)
where
N˜0 =
{
2m, if m is even
m, if m is odd
N˜i =
{
Ni, if Ni is even
2Ni, if Ni is odd
The quantity θξµ,eσ is the topological spin of the loop
ξµ, when it is linked to another loop ξσ. It is defined
as10:
eiθξµ,eσ =
1
dξµ,eσ
∑
δ
dδ,eσ tr(R
δ
ξµξµ,eσ ) (12)
where Rδξµξµ,eσ is the R-matrix between two ξµ loops in
the δ fusion channel, and all loops are linked to ξσ (see
Appendix B for details).
(ii) We define Θµν,σ as the phase associated with braid-
ing ξµ around ξν for N
µν times, when both are linked to
the base loop ξσ. Here, N
µν is the least common mul-
tiple of Nµ and Nν . In terms of formulas, we have the
following expression
eiΘµν,σI = (Bξµξν ,eσ )
Nµν (13)
where Bξµξµ,eσ denotes the unitary operator associated
with braiding ξµ around ξµ only once, while both are
linked to ξσ, and I is the identity operator. The operator
Bξµξµ,eσ can be expressed in term of R matrices, and F
matrices if needed, once we choose a basis for the fusion
spaces.
(iii) We define Θµνλ,σ as follows. Consider three loops
ξµ, ξν , ξλ all linked to a base loop ξσ. Then, Θµνλ,σ is
the phase associated with braiding ξµ around ξν first,
then around ξλ, then around ξν in opposite direction and
finally around ξλ in opposite direction.
For the topological invariants {Θµ,σ,Θµν,σ,Θµνλ,σ} to
be well-defined, we need to show that (1) The correspond-
ing braiding processes indeed lead to Abelian phases and
(2) the Abelian phases only depend on the gauge flux of
the loops, i.e. independent of charge attachments. The
proofs are the same as those for the 2D topological invari-
ants {Θµ,Θµν ,Θµνλ}, so we do not repeat them here and
instead refer the readers to Ref. 23. (The only addition
for 3D is that one needs to carry the base loop index σ in
every step of the proofs). The reason that the proofs are
identical is that the 3D invariants {Θµ,σ,Θµν,σ,Θµνλ,σ}
can be related to the 2D invariants {Θµ,Θµν ,Θµνλ} by
dimension reduction.6
B. Constraints
The topological invariants {Θµ,σ,Θµν,σ,Θµνλ,σ}
should satisfy certain constraints. We claim that they
satisfy the following 14 constraints, Eqs. (14)-(20) and
Eqs. (25)-(31). While we are not able to prove all the
constraints, we believe they are rather complete. At
least, the solutions to these constraints are all realized
in the layer construction of FSPT phases (see Appendix
E). We divide 14 constraints in into two groups.
Group I: Seven constraints that follow from the 2D
counterparts:
Θµµν,σ = Θννµ,σ = mΘ0µν,σ (14)
Θµν,σ = Θνµ,σ (15)
NµνΘµν,σ = F(Nµν)Θµµν,σ (16)
Ni
2
Θii,σ =
N0i
2
Θ0i,σ+[
Ni
2
F(m)+mF(Ni
2
)]Θ00i,σ (Ni is even)
(17)
Θii,σ =
{
2Θi,σ + F(Ni)Θiii,σ, if Ni is even
Θi,σ, if Ni is odd
(18)
Θ00,σ =
{
2Θ0,σ, if m is even
4Θ0,σ + Θ000,σ, if m is odd
(19)
{
m
2 Θ0,σ = 0, if m is even
mΘ0,σ +
m2−1
8 Θ000,σ = 0, if m is odd
(20)
where F(N) = 12N(N − 1).
The constraints (14) to (20) are exactly the 2D
fermionic constriants in Ref. 23 with a base loop inserted.
Since the 3D topological invariants {Θµ,σ,Θµν,σ,Θµνλ,σ}
are related to the 2D ones {Θµ,Θµν ,Θµνλ} by dimension
reduction, the 3D topological invariants satisfy all the 2D
constraints.
We briefly explain the meaning of the above con-
straints. For constraint (14), firstly we notice a fact that
N copies of the topological invariant Θµνλ,σ is equivalent
7to do the braiding process for N copies the type-µ loop,
or type-ν, type-λ loop, expressed as:
NΘµνλ,σ = Θ[Nξµ]νλ,σ = Θµ[Nξν ]λ,σ = Θµν[Nξλ],σ (21)
where [Nξµ] means N copies the type-µ loop, which can
be obtained directly by the definition of Θµνλ,σ. Then by
this fact, the expression mΘ0µν,σ can be rewritten as
23:
eimΘ0µν,σ = eiΘ[mξ0]µν,σ = eiΘfµν,σ (22)
where f is the fermion-parity loop. And constraint (14)
illustrates an equivalence Θfµν,σ = Θµµν,σ, explicitly
proved in the appendix of Ref. 23. Moreover, as the posi-
tions of type-µ and type-ν loops are symmetric in Θfµν,σ,
the equality can be extended to Θννµ,σ. The constraint
(15) simply points out that the type-µ and type-ν loops
are symmetric in a three-loop braiding process. The con-
straints (16) and (17) are obtained by rearranging the
order of certain braiding processes, where the rearrange-
ments give rise to the non-Abelian phase factors Θµµν,σ
and Θ00i,σ. For constraints (18) and (19), there are two
corollaries relating the type-µ loop and its anti-loop23:
Θµµ,σ + Θµµ,σ = F(Nµ)Θµµµ,σ (23)
Θµµ,σ = −2Nµθξµ,eσ (24)
where µ denotes for the anti-loop ξµ with gauge flux
φξµ = −φξµ . Combining the two corollaries and inducing
the definition of Θµ,σ exactly give constraints (18) and
(19). And the constraint (20) is obtained by demanding
the chiral central charge vanishes for FSPT phases.
Group II: Seven constraints that are intrinsically 3D:
Θµνλ,σ = sgn(p̂)Θp̂(µ)p̂(ν)p̂(λ),p̂(σ) (25)
NµνλσΘµνλ,σ = 0 (26)
NσΘµν,σ = 0 (27)
NσΘµ,σ = 0 (28)
Θµ,µ = 0 (29)
Nµνσ
Nµν
Θµν,σ +
Nµνσ
Nνσ
Θνσ,µ +
Nµνσ
Nσµ
Θσµ,ν = 0 (30)
Nµσ
N˜µ
Θµ,σ + Θµσ,µ = 0 (N
µσ is even) (31)
where sgn(p̂) = (−1)N(p̂) and N(p̂) is the number of
permutations for the four indices µ, ν, λ, σ.
The constrants (25) to (31) are newly involved 3D con-
straints (Specially (26) is a 2D constraint NµνλΘµνλ,σ =
0 combined with a 3D constraint NσΘµνλ,σ = 0), which
can be traced from 3D bosonic non-Abelian case6 and
3D fermionic Abelian case7. However, we need to prove
that these 3D constraints still hold in 3D fermionic non-
Abelian case.
Firstly, we argue that the constraints (30)(31) proved
in Abelian case still hold in non-Abelian case. The con-
straint (30) is called the cyclic relation. Imagining that
we create Nµνσ identical three-loop systems with identi-
cal fusion channel and identical total charge. By anyon
charge conservation, after braiding and fusion, the total
charge should still be NµνσQlink, where Qlink is the total
charge for a single three-loop system. Then the next step
of the proof is similar to the Abelian case7, where the dif-
ference is that the ”vertical” fusions may have multiple
fusion channels (differ only by charges). But we do not
need to care about the charges attached on the resultant
loop after fusion, as finally the total charge should still
be NµνσQlink, by which we fall into the same result as
the proof in Ref7. And constraint (31) is actually the
cyclic relation (30) divided by half on both sides (mod
2pi), which then involves fermionic statistics and hence
an intrinsic fermionic constraint. It can be argued that
it holds in non-Abelian case in a similar manner.
Then we can rigorously prove the constraints (26) to
(28). The prerequisite to prove them is to assume a 3D
”vertical” fusion rule, which naturally gives the linear
properties of the topological invariants, explicitly shown
in Appendix C.
However, the constraints (25) and (29) are left un-
proven. For constraint (25), it is a generalization of
the 2D constraint Θµνλ = sgn(p̂)Θp̂(µ)p̂(ν)p̂(λ), where the
2D version can be easily proved by a Borromean ring
configuration6. While here we generalize the totally anti-
symmetric property for the indices of Θµνλ,σ to the base
loop. And the constraint (29) is simply a conjecture,
which means that the topological invariant Θµ,σ vanishes
if the two linked loops fall into the same type.
V. CLASSIFICATION
We believe the the topological invariants are complete
for characterizing FSPT phases with Abelian symmetry
group Gf , and the constraints are complete so that all so-
lutions are physical. Both completenesses are justified by
an comparison with the general group super-cohomology
method in Appendix E.
A. Stacking Group of FSPT Phases
We divide the topological invariants into five cat-
egories, such that the topological invariants in each
category are independent of those in other categories,
i.e. the constraints only relate topological invariants
8inside each category. The five categories are:
(A) Θ0,0, Θ00,0, Θ000,0
(B) (B1) Θ0,i, Θ00,i, Θ000,i
(B2) Θi,0, Θ0i,0, Θii,0, Θ00i,0, Θ0ii,0, Θiii,0
(B3) Θi,i, Θ0i,i, Θii,i, Θ00i,i, Θ0ii,i, Θiii,i
(C) (C1) Θij,0, Θ0ij,0, Θiij,0, Θjji,0
(C2) Θij,i, Θ0ij,i, Θiij,i, Θjji,i
(C3) Θij,j , Θ0ij,j , Θiij,j , Θjji,j
(C4) Θi,j , Θ0i,j , Θii,j , Θ00i,j , Θ0ii,j , Θiii,j
(C5) Θj,i, Θ0j,i, Θjj,i, Θ00j,i, Θ0jj,i, Θjjj,i
(D) (D1) Θij,k, Θ0ij,k, Θiij,k, Θjji,k
(D2) Θjk,i, Θ0jk,i, Θjjk,i, Θkkj,i
(D3) Θki,j , Θ0ki,j , Θkki,j , Θiik,j
(D4) Θijk,0, Θijk,i,, Θijk,j , Θijk,k
(E) Θijk,l, Θjkl,i, Θkli,j , Θlij,k
Accordingly the stacking group to classify 3D FSPT
phases has the form:
Hstack = A×
∏
i
Bi ×
∏
i<j
Cij ×
∏
i<j<k
Dijk ×
∏
i<j<k<l
Eijkl
(32)
where A is the classification group protected by the
symmetry group ZfN0 , Bi is protected by Z
f
N0
and
ZNi , Cij is protected by Z
f
N0
,ZNi ,ZNj , Dijk is pro-
tected by ZfN0 ,ZNi ,ZNj ,ZNk , and Eijkl is protected by
ZNi ,ZNj ,ZNk ,ZNl .
B. Statistics-Type Indicators
We claim that there are several indicators for different
statistics-types:
(1) Θ00i,j = pi (m is odd) is the indicator of the non-
Abelian statistics in the Kitaev-chain layer, which is gen-
erated by the loops carrying unpaired Majorana modes,
and a loop carrying one Majorana mode is characterized
by its quantum dimension
√
2.
(2) Θfi,j =
N0i
gcd(2,Ni)
Θ0i,j 6= 0 (i 6= j) is the indicator
of the complex fermion layer, where ”f” stands for the
fermion-parity loop ξf with gauge flux φξf = (pi, 0, ...).
(3) Θfij,k = Θiij,k = mΘ0ij,k 6= 0 is the indica-
tor of the non-Abelian statistics in the complex fermion
layer, which is generated by degeneracies in the complex
fermion layer and the relevant loops have integer quan-
tum dimension.
(4) Θijk,l 6= 0 or {Θfij,k = 0,Θ0ij,k 6= 0} is the in-
dicator of the non-Abelian statistics in the BSPT layer,
which is generated by degeneracies in the BSPT layer
and the relevant loops have integer quantum dimension.
We then prove that the first statistics-type indicator
Θ00i,j = pi (m is odd) uniquely indicates the Kitaev-
chain layer. To proceed, we need to obtain an explicit
expression of the topological invariant Θµνλ,σ as the fol-
lowing (The definitions we used below are introduced in
Appendix B):
FIG. 3. The diagram expression of B˜ηξνξµξλ,eσ in the standard
basis.
FIG. 4. The diagram expression of Bξµξν ,eσ in the standard
basis.
Consider three loops ξµ, ξν , ξλ all linked to a base loop
ξσ. Mathematically, let the total fusion outcome η of the
three loops ξµ, ξν , ξλ be fixed, and the standard basis is
to let ξν firstly fuse with ξµ, then their fusion channel
again fuse with ξλ. We choose the basis of the first local
fusion space Vξνξµ,c to be diagonalized under the braiding
of ξµ around ξν , and the braiding of ξµ around ξλ is
then generally non-diagonalized under this basis, which
is expressed as:
B˜ηξνξµξλ,eσ = F
η
ξνξµξλ,eσ
Bξµξλ,eσ (F
η
ξνξµξλ,eσ
)−1 : ⊕
δ
(V δξνξµ,c ⊗ V ηδξλ,c)→ ⊕ρ (V
ρ
ξνξµ,c
⊗ V ηρξλ,c) (33)
where B˜ξνξµξλ,eσ only braids ξµ around ξλ, while it de-
pends on ξν , as shown in Fig.3. And Bξµξν ,eσ is redefined
in the same basis as B˜ηξνξµξλ,eσ :
Bξµξν ,eσ : ⊕
δ
(V δξνξµ,c⊗V ηδξλ,c)→ ⊕δ (V
δ
ξνξµ,c⊗V ηδξλ,c) (34)
which has the same expression as Bξµξν ,eσ : ⊕
δ
V δξνξµ,c →
⊕
δ
V δξνξµ,c, as though the fusion space is extended, the ba-
sis in the extended fusion space should keep diagonalized
under the braiding of ξµ around ξν , as shown in Fig.4.
9Then Θµνλ,σ can be expressed through:
eiΘµνλ,σI = (B˜ηξνξµξλ,eσ )
−1(Bξµξν ,eσ )
−1B˜ηξνξµξλ,eσBξµξν ,eσ
(35)
where I is the identity matrix in the vector space
⊕
δ
(V δξνξµ,c ⊗ V ηδξλ,c).
Now we are ready to go back to the proof. For simplic-
ity we only consider m = 1. And from constraint (14),
we have Θ00i,j = Θiii,j . Firstly we show that the non-
Abelian statistics in Kitaev-chain layer (i.e. the Ising
type statistics) must have Θ00i,j = pi: Do a dimension
reduction for the gauged Ising type FSPT system from
3D to 2D by choosing ξj as the base loop, and condense
all the bosonic quasiparticles (as the Ising type statistics
is irrelavant to the bosonic matter). The remaining 2D
quasiparticles are exactly the Ising anyons: a vortex car-
ring one majorana mode σ, a fermion ψ and vacuum 1,
which satisfies:
eiΘσσσI = (B˜σ
σσσ
)−1(Bσσ )
−1B˜σ
σσσ
Bσσ = e
ipi
[
1 0
0 1
]
(36)
where we have Θσσσ = pi. And the 3D topological in-
variants Θiii,j is exactly equal to the 2D one Θσσσ after
dimension reduction and the condensation of all bosons,
i.e. Θ00i,j = Θiii,j = Θσσσ = pi. Secondly we show
that Θ00i,j = pi corresponds uniquely to the Ising type
statistics: From constraint (14), when m = 1, , Θ00i,j
can only take values 0 or pi; when m is even , Θ00i,j van-
ishes. We assume the types of non-Abelian statistics in
our gauged FSPT system contain only: (1) Ising type in
Kitaev-chain layer (2) fermionic type in complex fermion
layer (3) bosonic type in BSPT layer. Solving the con-
straints as listed in Appendix D, and examing the gener-
ating phases by mapping to 2D model constructions after
dimension reduction23, we find that to construct the gen-
erating phase Θ00i,j = pi, there always exist loops with
quantum dimension
√
2, which is the unique property of
Ising anyons in the Kitaev-chain layer.
The second statistics-type indicator Θfi,j =
N0i
gcd(2,Ni)
Θ0i,j 6= 0 (i 6= j) is proposed and proven
in Ref.7. Combining the results in Ref.23 and Ref.7,
we infer that Θfij,k = Θiij,k = mΘ0ij,k 6= 0 is the
indicator for the non-Abelian statistics in the complex
fermion layer. Finally Θijk,l 6= 0 is obviously the
indicator for the BSPT layer by the definition of the
topological invariant Θµνλ,σ. However, if we consider
a special example Gf = Zf4 × Z2 × Z2 × Z2, where
Θ0ij,k = pi and Θfij,k = 2Θ0ij,k = 0 should still belong
to the non-Abelian statistics in BSPT layer. Hence we
conclude that Θijk,l 6= 0 and {Θfij,k = 0,Θ0ij,k 6= 0}
are both the indicators for the non-Abelian statistics in
BSPT layer.
C. Example 1: Zf2 × Z2 × Z8
Firstly, we recall the stacking group classification of
FSPT phases:
Hstack = A×
∏
i
Bi ×
∏
i<j
Cij (37)
where from Table I we know that: A protected by Zf2 is
trivial, B1 and B2 protected by Zf2 ×Z2 and Zf2 ×Z8 re-
spectively are trivial, while C12 protected by Zf2×Z2×Z8
is nontrivial. Therefore the classification of FSPT phases
for the symmetry group is Hstack = C12. Then we
explicitly show the calculation of C12: Invoking the
known 2D results and combining with the 3D constraints
NσΘµ,σ = 0, NσΘµν,σ = 0, NσΘµνλ,σ = 0, the generat-
ing phases for the subsets (C1), (C2), (C3), (C4) and
(C5) are:
(Θij,0,Θ0ij,0) = (
2pi
Nij
, 0)× a+ (0, 2pi
N0ij
)× b = (pia, pib)
(38)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)× d = (pic, pid)
(39)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)× f = (pie, pif)
(40)
(Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
2Ni
,− pi
N0i
, pi)× g + (0, 4pi
N0i
, 0)
= (
pi
4
,−pi
2
, pi)g (41)
(Θj,i,Θ0j,i,Θ00j,i) = (
pi
Nj
,
2pi
N0j
, 0)×Njh+ (0, 4pi
N0j
, pi)× i
= (pih, 0, pii) (42)
where a, b, c, d, e, f, g, h, i are all integers. By the con-
straint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j ,
we have b = d = f = g = i (mod 2). By the constraint
Θij,0 + Θoj,i + 4Θ0i,j = 0, we have a = 0 (mod 2). By
the constraint Θij,i = −4Θi,j , we have c = −g (mod 8).
By the constraint Θij,j = −Θj,i, we have e = −h (mod
2).
Combining all the constraints: a = 0 (mod 2), b = d =
f = g = i = −c (mod 8), e = −h (mod 2), i.e. the
generating phases are:
(Θ0ij,0,Θij,i,Θ0ij,i,Θ0ij,j ,Θi,j ,Θ0i,j ,Θ00i,j ,Θ00j,i)
= (pi, pi, pi, pi,
pi
4
,−pi
2
, pi, pi) (43)
(Θij,j ,Θj,i) = (pi, pi) (44)
while all other topological invariants vanish:
Θ0,0 = 0 (45)
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(Θ0,i,Θi,0,Θ0i,0,Θ00i,0,Θi,i,Θ0i,i,Θ00i,i)
= (0, 0, 0, 0, 0, 0, 0) (46)
(Θ0,j ,Θj,0,Θ0j,0,Θ00j,0,Θj,j ,Θ0j,j ,Θ00j,j)
= (0, 0, 0, 0, 0, 0, 0) (47)
(Θij,0,Θ0j,i) = (0, 0) (48)
Hence in this case the classification is Z8 × Z2, which
is a Z2 complex fermion layer aborbed into a Z2 × Z2
BSPT layer, together forming a Z4 × Z2 classification,
and then a Z2 Kitaev-chain layer again aborbed into the
Z4 × Z2 above, as the complex fermion layer indicator is
Θfi,j = Θ0i,j = −pi2 .
Conveniently we can view the ”Z8” part of the classi-
fication being generated by:
Θi,j = {pi
4
,
pi
2
,
3
4
pi, pi,
5
4
pi,
3
2
pi,
7
4
pi, 0} (49)
where Θi,j = {0, pi} correspond to Abelian BSPT phases,
Θi,j = {pi2 , 32pi} are Abelian FSPT phases (contain both
BSPT layer and complex fermion layer), and Θi,j =
{pi4 , 34pi, 54pi, 74pi} are non-Abelian FSPT phases (contain
all BSPT layer, complex fermion layer and Kitaev-chain
layer). Recall that Θ00i,j = pi (m is odd) is the indica-
tor of the Kitaev-chain layer. And the four non-Abelian
FSPT phases all have (Θ00i,j ,Θ00j,i) = (pi, pi), which
means that loops ξi and ξj each carry one unpaired Ma-
jorana mode simultaneously and both have quantum di-
mension
√
2, which is the origin of the non-Abelian statis-
tics in Kitaev-chain layer. On the other hand, the ”Z2”
part of the classification is generated by:
Θj,i = {0, pi} (50)
where Θj,i = pi is a non-trivial BSPT phase, and Θj,i = 0
is a trivial BSPT phase.
We can also understand the 3D braiding statistics by
doing a dimension reduction from 3D to 2D and ap-
plying the known model construction for 2D generating
phases23. Firstly we choose ξj always to be the base
loop, and the 2D system after dimension reduction has
symmetry Zf2 ×Z2, which has only one generating phase
(Θi,Θ0i,Θ00i) = (
pi
4 ,−pi2 , pi), i.e. the subset (C4) in cat-
egory C. And it can be realized by a two-layer model
construction: the first layer a is a charge-2 superconduc-
tor with chiral central charge − 12 (Ising type), while the
second layer b is a charge-2 superconductor with chiral
central charge 12 (Ising type). The 2D vortex ξ0 is com-
posited by a unit-flux vortex in layer a and a unit-flux
vortex in layer b, which therefore has quantum dimension
2. The 2D vortex ξi is composited only by a unit-flux vor-
tex in layer b, which therefore has quantum dimension√
2. As the quantum dimensions of loops are invariant
under dimension reudction, we conclude that for non-
Abelian FSPT phases, with ξj all being base loops, loop
ξ0 has quantum dimension 2 and loop ξi has quantum
dimension
√
2.
Secondly we choose ξi always to be the base loop,
and the 2D system after dimension reduction has sym-
metry Zf2 × Z8, which has two generating phases
(Θj ,Θ0j ,Θ00j) = (
pi
8 , pi, 0) and (Θj ,Θ0j ,Θ00j) =
(0, 0, pi), where the first one is trivialized to a Z2 BSPT in
3D, and both constitute the subset (C5) in category C.
Only the second generating phase corresponds to non-
Abelian statistics and can be realized by a three-layer
model construction: the first layer a is a charge-2 super-
conductor with chiral central charge − 12 (Ising type), the
second layer b is a charge-8 superconductor with chiral
central charge 0 (Abelian layer), and the third layer c is
a charge-2 superconductor with chiral central charge 12
(Ising type). The 2D vortex ξ0 is composited by a unit
flux in layer a, four times of unit flux in layer b, and a
unit flux in layer c, which therefore has quantum dimen-
sion 2. The 2D vortex ξj is composited only by a unit
flux in layer b and a unit flux in layer c, which therefore
has quantum dimension
√
2.
Thirdly we do not specify the base loop, and let
the 2D system after dimension reduction have the full
symmetry Zf2 × Z2 × Z8, which has two generating
phases (Θij,0,Θ0ij,0) = (pi, 0) and (Θij,0,Θ0ij,0) = (0, pi)
(or (Θij,i,Θ0ij,i) = (pi, 0) and (Θij,i,Θ0ij,i) = (0, pi),
(Θij,0,Θ0ij,0) = (pi, 0) and (Θij,0,Θ0ij,0) = (0, pi)), i.e.
the subset (C1) (or (C2), (C3)) in category C. Only
the second generating phase corresponds to non-Abelian
statistics and can be realized by a four-layer model con-
struction: the first layer a is a charge-2 superconductor
with chiral central charge − 12 (Ising type), the second
layer b is a charge-2 superconductor with chiral central
charge 0 (Abelian layer), the third layer c is a charge-
8 superconductor with chiral central charge 0 (Abelian
layer), and the fourth layer d is a charge-2 superconduc-
tor with chiral central charge 12 (Ising type). The 2D
vortex ξ0 is composited by a unit flux in layer a, a unit
flux in layer b, four times of unit flux in layer c, and a unit
flux in layer d, which therefore has quantum dimension 2.
The vortex ξi is composited by a unit flux in layer b and a
unit flux in layer d, which therefore has quantum dimen-
sion
√
2. Similarly The vortex ξj is composited by a unit
flux in layer c and a unit flux in layer d, which also has
quantum dimension
√
2. In conclusion, we find that no
matter how we do the dimension reduction, the quantum
dimensions of the loops coincide, i.e. in our three-loop
braiding system with full symmetry Zf2 × Z2 × Z8, for
those non-Abelian FSPT phases, the loop ξ0 has quan-
tum dimension 2, and loops ξi and ξj both have quantum
dimension
√
2, which means that loops ξi and ξj each
carries an unpaired Majorana mode.
D. Example 2: Zf2 × Z4 × Z4
Similarly in the stacking group classification, A,B1, B2
are all trivial, and we only need to consider Hstack = C12.
Invoking the known 2D results and combining with the
3D constraints NσΘµ,σ = 0, NσΘµν,σ = 0, NσΘµνλ,σ =
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0, the generating phases for the subsets (C1), (C2), (C3),
(C4) and (C5) are:
(Θij,0,Θ0ij,0) = (
2pi
Nij
, 0)× Nij
2
a+ (0,
2pi
N0ij
)× N0ij
2
b
= (pia, pib) (51)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)× d = (pi
2
c, pid)
(52)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)× f = (pi
2
e, pif)
(53)
(Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
Ni
,
2pi
N0i
, 0)× 2g + (0, 2pi
N0i
, pi)× h
= (
pi
2
g, pih, pih) (54)
(Θj,i,Θ0j,i,Θ00j,i) = (
pi
Nj
,
2pi
N0j
, 0)× 2l + (0, 2pi
N0j
, pi)×m
= (
pi
2
l, pim, pim) (55)
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i =
−Θ00j,i = −Θ0ij,j , we have b = d = f = h = m (mod
2). By the constraint Θij,0 + Θ0j,i + Θ0i,j = 0, we have
a = 0 (mod 2). By the constraint Θij,i = −Θi,j , we have
c = −g (mod 4). By the constraint Θij,j = −Θj,i, we
have e = −l (mod 4).
Combining all the constraints: a = 0 (mod 2), b = d =
f = h = m (mod 2), c = −g (mod 4), e = −l (mod 4),
i.e. the generating phases are:
(Θ0ij,0,Θ0ij,i,Θ0ij,j ,Θ0i,j ,Θ00i,j ,Θ0j,i,Θ00j,i)
= (pi, pi, pi, pi, pi, pi, pi) (56)
(Θij,i,Θi,j) = (
pi
2
,
pi
2
) (57)
(Θij,j ,Θj,i) = (
pi
2
,
pi
2
) (58)
while all other topological invariants vanish.
Hence in this case the classification is Z4 × Z4 × Z2
, which is a Z4 × Z4 BSPT simply stacking with a Z2
”Kitaev-chain layer absorbed in complex fermion layer”,
as the complex fermion layer indicator is Θfi,j = Θ0i,j =
pi.
The ”Z2” part of the classification can be viewed to be
generated by:
(Θ0i,j ,Θ00i,j) = (pi, pi) or (Θ0j,i,Θ00j,i) = (pi, pi) (59)
while all other pi valued topological invariants are related
by the anti-symmetric constraint of Θµνλ,σ. We do a
dimension reduction by always choosing ξj as the base
loop, and the 2D system has symmetry Zf2 ×Z4. We find
that (Θ0i,Θ00i) = (pi, pi) is exactly the second generating
phase for this 2D FSPT system, which can be realized
by a three-layer model construction23: the first layer a
is a charge-2 superconductor with chiral central charge
3
2 (Ising type), the second layer b is a charge-4 super-
conductor with chiral central charge −2 (Abelian layer),
and the third layer c is a charge-2 superconductor with
chiral central charge 12 (Ising type). The 2D vortex ξ0 is
composited by a unit flux in layer a, two times of unit
flux in layer b, and a unit flux in layer c, which therefore
has quantum dimension 2. The vortex ξi is composited
by a unit flux in layer b and a unit flux in layer c, which
therefore has quantum dimension
√
2. As the quantum
dimensions of the loops are invariant under dimension re-
duction, and the symmetry groups of ξi and ξj are both
Z4 so that it is free to choose which is ZNi and which is
ZNj , we conclude that in our gauged 3D FSPT systems,
loop ξ0 has quantum dimension 2 and both loop ξi and
ξj have quantum dimension
√
2.
Then we can again check the quantum dimension of
loops by doing the dimension reduction without spec-
ifying the base loop, and the 2D system has the full
symmetry Zf2 × Z4 × Z4. The second non-Abelian gen-
erating phase (Θij,0,Θ0ij,0) = (0, pi) (or (Θij,i,Θ0ij,i),
(Θij,j ,Θ0ij,j)) can also be realized by a four-layer con-
struction similarly as in the first example. Then the
quantum dimension of ξ0 will still be found as 2, and
the quantum dimensions of ξi and ξj as both
√
2. There-
fore in our construction the nontrivial non-Abelian FSPT
phase in the Z2 classification is due to the unpaired Ma-
jorana modes attached on ξi and ξj .
VI. CONCLUSION
In summary, we obtain the classification of 3D FSPT
phases with finite unitary Abelian symmetry, by gaug-
ing the symmetry and studying the topological invari-
ants {Θµ,σ,Θµν,σ,Θµνλ,σ} defined through the braiding
statistics of loop-like excitations in certain three-loop
braiding processes. And we compare this result with the
classification obtained by the layer construction method
in Ref22, from which we can realize any set of values of
the topological invariants, each corresponds to a distin-
guished FSPT phase, by the layer-constrcution. Specially
we argue that the non-Abelian statistics in the Kitaev-
chain layer is due to the unpaired Majorana modes at-
tached on loops. However, for further study, it remains
unknown how to apply the braiding statistics method to
SPT phases with antiunitary symmetry such as the time
reversal symmetry, as we do not know how to gauge an
antiunitary symmetry. And it is expected to generalize
the Abelian symmetry groups to generally non-Abelian
symmetry groups, including the 3D space groups.
This work is supported by Hong Kong’s Re-
search Grants Council (ECS 21301018, GRF
No.14306918, ANR/RGC Joint Research Scheme
No. A-CUHK402/18).
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Appendix A: Properties of the Fusion Rule
There are several properties for the generally nontrivial
fusion rule α×β = ∑
δ
Nδαβδ in our gauged FSPT system,
where α, β, δ are all loop-like excitations, and the proofs
are the same as the bosonic case given in Ref6. The
properties are:
(1) For any fusion channel δ:
φδ = φα + φβ (A1)
which means that different fusion channels only differ by
their attached charges.
(2) When a loop α is fused with a charge q, there is
exactly one fusion outcome:
q × α = α′ (A2)
(3) The fusion multiplicity Nqαα = 0, 1, where q is any
charge in the fusion channels of α and α.
(4) If φα′ = φα and φβ′ = φβ , then there exist charges
q1 and q2 such that α
′ = α × q1, β′ = β × q2 and δ′ =
δ × q1 × q2.
Appendix B: Basic Definitions
Define: The fusion space V δαβ,c that fuses two loops
α, β into a single fusion channel δ with base loop c, is a
Hilbert space spanned by the set of orthogonal basis10,25:
{|αβ, c; δ, µ〉 |µ = 1, ..., N δαβ,c} (B1)
which can be simplified as {|αβ, c; δ〉} as Nδαβ,c is always
1 in our theory. And the full Hilbert space for the fusion
of α, β with base loop c is:
Vαβ,c ∼= ⊕
δ
V δαβ,c (B2)
Accordingly the spliting space for a single fusion chan-
nel δ is spanned by the dual basis:
{〈αβ, c; δ|} (B3)
Define: Consider a local system involving only two
loops α, β both linked to a base loop γ, and their fu-
sion outcome δ is known. The Abelian R-symbol Rδαβ,c
that exchanges two loops α, β, during which their fusion
channel δ is fixed, is defined as a map10,25:
Rδαβ,c : V
δ
αβ,c → V δβα,c (B4)
|βα, c; δ〉 = Rδαβ,c |αβ, c; δ〉 (B5)
which is a basis-dependent pure phase, as |αβ, c; δ〉 may
differ |βα, c; δ〉 by a gauge transformation. Specially, the
R-symbol Rδαα,c : V
δ
αα,c → V δαα,c exchanging two identical
loops is basis-independent.
Define: The non-Abelian R-symbol Rαβ,c is defined as
a matrix:
Rαβ,c : ⊕
δ
V δαβ,c → ⊕
δ
V δβα,c (B6)
which can be diagonalized by choosing a proper basis if
there is no other fusion process involved:
Rαβ,c =

Rδ1αβ,c 0
0 Rδ2αβ,c
. . .
 (B7)
where δ1, δ2, ... are all the possible fusion channels of α
and β.
Example: For 2D Ising anyons10, which contain anyon
types {1, σ, ψ},
Rσσ = X e−iνpi/8
[
1 0
0 i
]
(B8)
where X is the Frobenius-Schur indicator, and the Chern
number ν is odd (mod 16) for non-Abelian Ising anyons.
Define: For the same system above, similarly the
Abelian B-symbol Bδαβ,c that braids loop α around β
linked to a base loop γ is defined as:
Bδαβ,c = R
δ
βα,cR
δ
αβ,c : V
δ
αβ,c → V δαβ,c (B9)
which is basis-independent as it maps between the same
fusion space.
Define: The non-Abelian B-symbol Bαβ,c is defined as:
Bαβ,c : ⊕
δ
V δαβ,c → ⊕
δ
V δαβ,c (B10)
which can be diagonalized by choosing a proper basis if
there is no other fusion process involved:
Bαβ,c =

Bδ1αβ,c 0
0 Bδ2αβ,c
. . .
 (B11)
Example: For 2D Ising anyons,
Bσσ = e
−iνpi/4
[
1 0
0 −1
]
(B12)
Define: Consider a local system involving three loops
α, β,  all linked to a base loop γ, whose total fusion out-
come η is known. The F -symbol F ηαβ,c that maps be-
tween two different fusion ways, is defined as a generally
non-diagonalized matrix10,25:
F ηαβ,c : ⊕
δ
(V δαβ,c ⊗ V ηδ,c)→ ⊕
ρ
(V ρα,c ⊗ V ηρβ,c) (B13)
|ρβ, c; η〉 |α, c; ρ〉 =
∑
δ
(F ηαβ,c)
ρ
δ |δ, c; η〉 |αβ, c; δ〉
(B14)
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FIG. 5. The diagram expression of the standard basis.
Example: For 2D Ising anyons,
Fσσσσ =
X√
2
[
1 1
1 −1
]
(B15)
Define: Consider n loops α1, α2, ..., αn all linked to a
base loop γ, where the total fusion outcome η of the n
loops is known. Then we define a standard basis in the to-
tal fusion space by specifying a particular fusion order25.
For example, firstly fusing α1 and α2, then fusing the
result with α3, then fusing the result with α4, and so on.
The total fusion space can therefore be decomposited as:
V ηα1,...,αn,c
∼= ⊕
β1,...,βn−2
V β1α1α2,c ⊗ V β2β1α3,c ⊗ ...⊗ V
η
βn−2αn,c
(B16)
which is equivalently expressed by the diagram in Fig.5.
Define: Consider a local system involving three loops
α, β,  all linked to a base loop γ, where the total fusion
outcome of the three loops η is known. The R˜-matrix
R˜ηαβ,c that exchanges two loops α, β, while it is diago-
nalized in the fusion space of  and α, is defined as a
generally non-diagonalized matrix26:
R˜ηαβ,c : ⊕
δ
(V δβ,c ⊗ V ηδα,c)→ ⊕
ρ
(V ρβ,c ⊗ V ηρα,c) (B17)
R˜ηαβ,c = F
η
βα,cRαβ,c(F
η
αβ,c)
−1 (B18)
Define: For the same system above, similarly the B˜-
matrix B˜ηαβ,c that braids loop α around β, while it is
diagonalized in the fusion space of  and α, is defined as
a generally non-diagonalized matrix:
B˜ηαβ,c : ⊕
δ
(V δα,c ⊗ V ηδβ,c)→ ⊕
ρ
(V ρα,c ⊗ V ηρβ,c) (B19)
B˜ηαβ,c = R˜βα,cR˜αβ,c = F
η
αβ,cRβα,c(F
η
βα,c)
−1F ηβα,cRαβ,c(F
η
αβ,c)
−1 = F ηαβ,cBαβ,c(F
η
αβ,c)
−1 (B20)
Example: For 2D Ising anyons,
B˜σσσσ : (V
1
σσ⊗V σ1σ)⊕(V ψσσ⊗V σψσ)→ (V 1σσ⊗V σ1σ)⊕(V ψσσ⊗V σψσ)
(B21)
B˜σσσσ = e
−iνpi/4
[
0 1
1 0
]
(B22)
Define: The fusion matrix for a loop α linked to a base
loop γ is defined as27,28:
N̂α,c = (N
δ
αβ,c : β, δ ∈M) (B23)
whereM is a finite set called superselection sectors, which
is the set of all distinguishable particle types in a theory.
Define: The quantum dimension of a loop α linked to
a base loop γ is defined as the largest eigenvalue of the
fusion matrix N̂α,c, which can be understood thorugh a
key property10:
dα,cdβ,c =
∑
δ
Nδαβ,cdδ,c
which implies that the fusion matrix N̂α,c has an eigen-
vector v = (dδ,c : δ ∈ M) and the corresponding eigen-
value is dα,c. According to Perron-Frobenius theorem,
dα,c is the largest eigenvalue of N̂α,c. Intuitively, quan-
tum dimension is the intrinsic degree of freedom carried
by an anyon.
Appendix C: Proof of the Constraints
1. 3D ”Vertical” Fusion Rule
In order to prove some of the newly involved 3D con-
straints, we need to consider a new kind of ”vertical”
fusion in analogy to the original ”horizontal fusion”, as
shown in Fig.6 (a) and (b). Consider two Hopf-link sys-
tems, where the two loops in dfferent systems are in the
same type. Then the 3D ”vertical” fusion rule has the
form:
ξ1µ,σ1 ◦ ξ2µ,σ2 = ξ′µ,(σ1+σ2) + ξ′′µ,(σ1+σ2) + ... (C1)
where the ”vertical” fusion is denoted as ”◦”. The fu-
sion outcomes have the same flux but different attached
charges Q, and the + in (σ1 + σ2) means only putting
two loops together, which applies when fusing the loops
or not does not matter as the charges attached on a base
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FIG. 6. T(a) The ”horizontal” fusion. (b) The ”vertical fu-
sion”.
FIG. 7. The ”vertical” fusion of two three-loop systems.
loop do not affect the three-loop braiding process. And
this ”vertical” fusion rule can be understood in a way
that the two loops that are about to fuse annihilate at
a point (as particle and antiparticle) to vacuum or some
charge Q. And if the fusion outcome is a charge Q, it
will be attached to the loop after fusion.
First we would like to mention that the expression of
the topological invariant Θµν,σ can be further written as:
eiΘµν,σI = (Bξµξν ,eσ )
Nµν = (Bδξµξν ,eσ )
Nµν I (C2)
where the fusion channel δ is arbitrary, as the result is
the same for all fusion channels23, and I is the identity
matrix in the fusion space ⊕
δ
V δξµξν ,c.
Then we consider two three-loop systems, where the
three loops in different systems are all in the same type as
shown in Fig.7. Specifically, before the ”vertical” fusions,
we choose to fix the fusion channel for each three-loop
system. Thereby the braiding operator for the whole
system before ”vertical” fusions are:
Bδ1ξ1µξ1ν ,e1σ
Bδ2ξ2µξ2ν ,e2σ
(C3)
While after the ”vertical” fusions, the braiding opera-
tor is: 
Bδ
′
ξ′µξ′ν ,(e1σ+e2σ)
0
0 Bδ
′′
ξ′′µξ′′ν ,(e1σ+e2σ)
. . .
 (C4)
where the vertical fusions ξ1µ,σ1 ◦ ξ2µ,σ2 = ξ′µ,(σ1+σ2) +
ξ′′µ,(σ1+σ2)+... and ξ
1
ν,σ1◦ξ2ν,σ2 = ξ′ν,(σ1+σ2)+ξ′′ν,(σ1+σ2)+...
both generally have multiple fusion outcomes. According
to the 4th property in Appendix A, the fusion outcomes
of the two loops after ”vertical” fusions ξµ,(σ1+σ2) and
ξν,(σ1+σ2) are also multiple. And we can choose a par-
ticular basis in the fusion space such that the braiding
operator is diagonalized.
Then we do the braiding processes for both cases (be-
fore and after ”vertical” fusions) forNµν times, we obtain
an equation:
(Bδ1ξ1µξ1ν ,e1σ
)N
µν
(Bδ2ξ2µξ2ν ,e2σ
)N
µν
= (Bδ
′
ξ′µξ′ν ,(e1σ+e2σ)
)N
µν
(C5)
where Bδ
′
ξ′µξ′ν ,(e1σ+e2σ)
is any of the diagonalized entry in
the matrix (C4). The eqn. (C5) is equivalent to the
claim that:
The Nµν times of braiding as a whole commutes with
the ”vertical” fusions.
The proof of eqn.(C5) is given as the following: Firstly
the Nµν times of braiding can be equivalently viewed
as a successive braiding of Nµν identical loops. As the
Nµν times of braiding eliminates the difference between
different fusion channels, the Nµν loops as a whole is
actually an Abelian object, as shown in Fig.8. And the
remaining proof is similar as the Fig.6 in Ref1.
Notice that the whole argument does not violate the
conservation of anyon charge, as we have only specified
the fusion channels but not the total charge of the ini-
tial state. And the exchanging operator for a loop with
its anti-loop, i.e. the R-operator in the vacuum fusion
channel, has a similar property if we do the exchanging
processes for N˜µ times:
(R0
ξ1µξ
1
µ,e
1
σ
)N˜µ(R0
ξ2µξ
2
µ,e
2
σ
)N˜µ = (R0
ξ′µξ
′
µ,(e
1
σ+e
2
σ)
)N˜µ (C6)
where although the fusion channels of the two ξ1µ loops
or two ξ2µ loops are both 0, the total fusion outcome of
the four loops may not be 0, i.e. generally the right-
hand side of (C6) should be (Rδ
′
ξ′µξ
′
µ,(e
1
σ+e
2
σ)
)N˜µ . But as
(Rδ
′
ξ′µξ
′
µ,(e
1
σ+e
2
σ)
)N˜µ = (R0
ξ′µξ
′
µ,(e
1
σ+e
2
σ)
)N˜µ due to the N˜µ
times of exchanging, we can write (R0
ξ′µξ
′
µ,(e
1
σ+e
2
σ)
)N˜µ at
the right-hand side of (C6) safely.
2. Linear Properties of the Topological Invariants
The linear properties of the braiding processes that are
useful in proving the newly involved 3D constraints are:
Θ(µ1◦µ2),(σ1+σ2) = Θµ1,σ1 + Θµ2,σ2 (C7)
Θ(µ1◦µ2)(ν1◦ν2),(σ1+σ2) = Θµ1ν1,σ1 + Θµ2ν2,σ2 (C8)
Θ(µ1◦µ2)(ν1◦ν2)(λ1◦λ2),(σ1+σ2) = Θµ1ν1λ1,σ1 + Θµ2ν2λ2,σ2
(C9)
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FIG. 8. TheNµν loops as a whole can be viewed as an Abelian
object.
which means that all the topological invariants are linear
under ”vertical” fusions. We firstly prove (C8) as the
following: The the right-hand side of (C8) is:
ei(Θµ1ν1,σ1+Θµ2ν2,σ2 )I = (Bδ1ξ1µξ1ν ,e1σ
)N
µν
(Bδ2ξ2µξ2ν ,e2σ
)N
µν
= (Bδ
′
ξ′µξ′ν ,(e1σ+e2σ)
)N
µν
(C10)
where we have applied the eqn.(C5), and Bδ
′
ξ′µξ′ν ,(e1σ+e2σ)
can be any of the diagonalized entry in the matrix after
fusion (C4) introduced above. The left-hand side of (C8)
is:
eiΘ(µ1◦µ2)(ν1◦ν2),(σ1+σ2)I = (Bδ
′′
(ξ1µ◦ξ2µ)(ξ1ν◦ξ2ν),(e1σ+e2σ))
Nµν
= (Bδ
′′
ξ′′µξ′′ν ,(e1σ+e2σ)
)N
µν
(C11)
where Bδ
′′
ξµξν ,(e1σ+e
2
σ)
can also be any of the entry in the
same diagonalized matrix. Then the difference between
Bδ
′
ξ′µξ′ν ,(e1σ+e2σ)
and Bδ
′′
ξ′′µξ′′ν ,(e1σ+e2σ)
can be eliminiated by the
Nµν times of braiding, which is shown in eqn.(15) of Ref6.
Then (C7) and (C9) can be proved similarly, as Θµ,σ
and Θµνλ,σ are also defined so as to eliminate the effect
caused by difference charge attachments.
3. Partial Proof of the Constraints
We can rigorously prove the constraints (26)(27)(28),
and we firstly prove (9) as the following: By the property
(C8), we have:
eiNσΘµν,σI = ei(Θµ1ν1,σ1+...+ΘµNσνNσ ,σNσ )I
= e
iΘ(µ1◦...◦µNσ )(ν1◦...◦νNσ ),(σ1+...+σNσ )I
= (Bδξµξν )
Nµν = I (C12)
where we realize the phase NσΘµν,σ by constructing Nσ
identical three-loop systems, and then applying the ”ver-
tical” fusions, by which the Nσ type-σ base loops all to-
gether vanish. And by (C7) and (C9), (26) and (28) can
be proved similarly.
Appendix D: Solving the Constraints
1. Category (A)
The constraints that are related to 2D constraints by
dimension reduction are:
Θ000,0 = mΘ000,0 (D1)
N0Θ00,0 = F(N0)Θ000,0 = mΘ000,0 (D2)
Θ00,0 =
{
2Θ0,0, if m is even
4Θ0,0 + Θ000,0, if m is odd
(D3)
{
m
2 Θ0,0 = 0, if m is even
mΘ0,0 +
m2−1
8 Θ000,0 = 0, if m is odd
(D4)
The newly involved 3D constraints are:
2Θ000,0 = 0⇒ Θ000,0 = 0 or pi (D5)
Θ0,0 = 0 (D6)
We solve the constraints in two cases:
a. m is odd
By Θ0,0 = 0 and the constraint Θ00,0 = 4Θ0,0 +Θ000,0,
we have Θ00,0 = Θ000,0. Combining Θ00,0 = Θ000,0 and
N0Θ00,0 = mΘ000,0, we find Θ00,0 and Θ000,0 can only
both be 0. Hence
(Θ0,0,Θ00,0,Θ000,0) = (0, 0, 0) (D7)
The classification is trivial.
b. m is even
By Θ0,0 = 0 and the constraint Θ00,0 = 2Θ0,0, we have
Θ00,0 = 0. And the constraint Θ000,0 = mΘ000,0 ensures
that Θ000,0 = 0. Hence
(Θ0,0,Θ00,0,Θ000,0) = (0, 0, 0) (D8)
The classification is trivial.
2. Category (B)
For simplicity, we only consider symmetry groups with
order being power of 2.
The newly involved 3D constraints are:
Θi,i = 0 (D9)
16
N0Θi,0 = 0, NiΘ0,i = 0 (D10)
N0Θ0i,0 = 0, NiΘ0i,i = 0 (D11)
N0Θ00i,0 = 0, NiΘ00i,i = 0 (D12)
Θ0i,i = −N
0i
N˜i
Θi,0, Θ0i,0 = −N
0i
N˜0
Θ0,i (D13)
Θ00i,i = Θ0ii,0 = Θ00i,0 = Θ000,i (D14)
a. m is odd
For m is odd, we set m = 1 for simplicity, i.e. we only
consider the symmetry group Z2 × ZNi .
(1) If Ni2 is odd (i.e. Z
f
2 ×Z2), invoking the known 2D
results and combining with the 3D constraints N0Θi,0 =
0, NiΘ0,i = 0, N0Θ0i,0 = 0, NiΘ0i,i = 0, N0Θ00i,0 = 0,
NiΘ00i,i = 0, the generating phases for the sets (B1),
(B2), and (B3) are:
Θ0,i =
2pi
m
= 0 (D15)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
2Ni
,− pi
N0i
, pi)× 2Nia+ (0, 4pi
N0i
, 0)
= (pi, 0, 0)a (D16)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
2Ni
,∓ pi
N0i
, pi)× 0 + (0, 4pi
N0i
, 0)
= (0, 0, 0) (D17)
where a is an integer.
By the constraint Θ0i,i = −Θi,0, a = 0 (mod 2).
Hence in this case the classification is trivial.
(2) If Ni = 4 (mod 8), similarly, the generating phases
for the sets (B1), (B2), and (B3) are:
Θ0,i =
2pi
m
= 0 (D18)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
Ni
,
2pi
N0i
, pi)×Nia+ (0, 2pi
N0i
, pi)× b
= (pi, 0, 0)a+ (0, pi, pi)b (D19)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
Ni
,
2pi
N0i
, pi)× 0 + (0, 2pi
N0i
, pi)× c
= (0, pi, pi)c (D20)
where a, b, c are all integers.
By the constraint Θ0i,0 = −NiΘ0,i, b = 0 (mod 2).
By the constraint Θ00i,i = Θ00i,0, c = 0 (mod 2). By the
constraint Θ0i,i = −Θi,0, a = 0 (mod 2). Hence in this
case the classification is trivial.
(3) If Ni = 0 (mod 8), the generating phases for the
sets (B1), (B2), and (B3) are:
Θ0,i =
2pi
m
= 0 (D21)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
Ni
,
2pi
N0i
, pi)×Nia, (0, 4pi
N0i
, pi)× b
= (pi, 0, 0)a+ (0, 0, pi)b (D22)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
Ni
,
2pi
N0i
, pi)× 0 + (0, 4pi
N0i
, pi)× c
= (0, 0, pi)c (D23)
By Θ0,i = 0 and the constraint Θ00,i = 4Θ0,i + Θ000,i,
we have Θ00,i = Θ000,i. Combining Θ00,i = Θ000,i and
N0Θ00,i = mΘ000,i, we find Θ00,0 = Θ000,0 = 0. By
Θ000,i = 0 and the constraint Θ00i,i = Θ00i,0 = Θ000,i,
b = c = 0 (mod 2). By the constraint Θ0i,i = −Θi,0,
a = 0 (mod 2). Hence in this case the classification is
trivial.
b. m is even
(1) If Ni < N0 ≤ 4 (i.e. Zf4 × Z2), the generating
phases for the sets (B1), (B2), and (B3) are:
Θ0,i = 0 (D24)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
Ni
,
2pi
N0i
, 0)× a+ (0, 4pi
N0i
, 0)
= (
pi
2
, pi, 0)a (D25)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
Ni
,
2pi
N0i
, 0)×0+(0, 4pi
N0i
, 0) = (0, 0, 0)
(D26)
By the constraint Θ0i,0 = −Θ0,i, a = 0, 2 (mod 4).
And the remaining generating phase is determined by
integer a. Hence in this case the classification is Z2, which
belongs to BSPT phases.
(2) If Ni < 4 < N0 (i.e. ZfN0 × Z2), the generating
phases for the sets (B1), (B2), and (B3) are:
Θ0,i =
4pi
m
× m
4
a = pia (D27)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
Ni
,
2pi
N0i
, 0)× b+ (0, 4pi
N0i
, 0)× c
= (
pi
2
, pi, 0)b (D28)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
Ni
,
2pi
N0i
, 0)×0+(0, 4pi
N0i
, 0) = (0, 0, 0)
(D29)
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By the constraint Θ0i,0 = −Θ0,i, b = −a (mod 4).
By the constraint Θ0i,i = −mΘi,0, 0 = −mpi2 b, which
is always satisfied as in this case the smallest m is 4.
The generating phases are generated by integer b. Hence
in this case the classification is Z4, which is a Z2 com-
plex fermion layer absorbed into a Z2 BSPT layer as the
complex fermion layer indicator is Θfi,j = Θ0i,j = pib.
(3) If 4 ≤ Ni < N0, the generating phases for the sets
(B1), (B2), and (B3) are:
Θ0,i =
{
4pi
m a, if Ni > N0/4
8pi
N0
× N04Ni a = 2piNi a, if Ni ≤ N0/4
(D30)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
Ni
,
2pi
N0i
, 0)× b+ (0, 4pi
N0i
, 0)× c
= (
pi
Ni
b,
2pi
Ni
b+
4pi
Ni
c, 0) (D31)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
Ni
,
2pi
N0i
, 0)× 0 + (0, 4pi
N0i
, 0)× d
= (0,
4pi
Ni
d, 0) (D32)
By the constraint Θ0i,0 = −Θ0,i,
{
2pi
Ni
b+ 4piNi c = − 8piN0 a, if Ni > N0/4
2pi
Ni
(b+ 2c) = − 2piNi a, if Ni ≤ N0/4
(D33)
By the constraint Θ0i,i = −N0Ni Θi,0, 4piNi d = −N0Ni piNi b,
we have:
{
b = − 4NiN0 d, if Ni > N0/4 and N0 < 2N2i
d = − N04Ni b, if Ni ≤ N0/4
(D34)
Combining all the constraints:
{
(b+ 2c) = −2a, b = −2d, if Ni = N0/2
(b+ 2c) = −a, d = − N04Ni b, if Ni ≤ N0/4
(D35)
The generating phases are determined by the integers:{
a (mod N0/4), b (mod
1
2 × 2Ni = Ni), if Ni = N0/2
c (mod Ni/2), b (mod 2Ni), if Ni ≤ N0/4
(D36)
Hence in this case the classification is:{
ZNi × ZN0/4 = ZNi × ZNi/2 (BSPT), if Ni = N0/2
Z2Ni × ZNi/2 (a Z2 complex fermion layer absorbed into a ZNi × ZNi/2 BSPT layer), if Ni ≤ N0/4
(D37)
where the indicators of the complex fermion layer are:{
Θfi,0 =
Ni
2 Θ0i,0 = −2pia, Θfi,i = Ni2 Θ0i,i = 0, if Ni = N0/2
Θfi,0 =
Ni
2 Θ0i,0 = −pia, Θfi,i = Ni2 Θ0i,i = 0, if Ni ≤ N0/4
(D38)
(4) If 4 ≤ N0 ≤ Ni, the generating phases for the sets (B1), (B2), and (B3) are:
Θ0,i =
{
0, if N0 = 4
4pi
m a, if N0 > 4
(D39)
(Θi,0,Θ0i,0,Θ00i,0) = (
pi
Ni
,
2pi
N0i
, 0)× 2Ni
N0
b+ (0,
4pi
N0i
, 0)× c = ( 2pi
N0
b,
4pi
N0
(
Ni
N0
b+ c), 0) (D40)
(Θi,i,Θ0i,i,Θ00i,i) = (
pi
Ni
,
2pi
N0i
, 0)× 0 + (0, 4pi
N0i
, 0)× d = (0, 4pi
N0
d, 0) (D41)
By the constraint Θ0i,0 = −NiN0 Θ0,i, 4piN0 (NiN0 b + c) = −NiN0 8piN0 a, where when N0 = 4 or Ni ≥ N20 /4, the right-hand
side becomes 0 (mod 2pi). Then we have:
4pi
N0
(NiN0 b+ c) = 0, if N0 = 4
4pi
N0
(NiN0 b+ c) = 0, if N0 > 4 and Ni ≥ N20 /4
(NiN0 b+ c) = − 2NiN0 a, if N0 > 4 and Ni < N20 /4
(D42)
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By the constraint Θ0i,i = −Θi,0, 4piN0 d = − 2piN0 b, b = −2d.
The generating phases are determined by the integers:{
d (mod N0/2), if N0 = 4
a (mod N0/4), d (mod N0/2), if N0 > 4
(D43)
Hence in this case the classification is{
ZN0/2 = Z2 (BSPT), if N0 = 4
ZN0/4 × ZN0/2 (BSPT), if N0 > 4
(D44)
where the indicators of the complex fermion layer are:{
Θfi,0 =
N0
2 Θ0i,0 = 0, Θfi,i =
N0
2
4pi
N0
d = 0, if N0 = 4
Θfi,0 =
N0
2 Θ0i,0 = 0, Θfi,i =
N0
2 Θ0i,i = 0, if N0 > 4
(D45)
For m is even, combining the cases (1)(2) into (3)(4), in conclusion the classification is:
ZNi × ZNi/2, if Ni = N0/2
Z2Ni × ZNi/2, if Ni < N0/2
ZN0/2 × ZN0/4, if N0 ≤ Ni
(D46)
which means that the BSPT classification is Zmin{Ni,N0/2} × Zmin{Ni,N0/2}/2, and a Z2 complex fermion layer will be
absorbed in the BSPT layer when Ni < N0/2.
3. Category (C)
For simplicity, we only consider symmetry groups with order being power of 2. The newly involved constraints in
3D are:
NσΘµ,σ = 0 (D47)
NσΘµν,σ = 0 (D48)
NσΘµνλ,σ = 0 (D49)
N0ij
N ij
Θij,0 +
N0ij
N0j
Θ0j,i +
N0ij
N0i
Θ0i,j = 0 (D50)
Θij,i = −N
ij
N˜i
Θi,j , Θij,j = −N
ij
N˜j
Θj,i (D51)
Θ0ij,0 = Θ00i,j = Θ0ii,j = −Θ0ij,i = −Θ00j,i = −Θ0jj,i = −Θ0ij,j (D52)
a. m is odd
Similarly we also set m = 1, so that we only need to consider the symmetry group Z2 ×ZNi ×ZNj , and we assume
Ni ≤ Nj without loss of generality.
(1) If Ni2 ,
Nj
2 are odd (i.e. Z
f
2 × Z2 × Z2), invoking the known 2D results and combining with the 3D constraints
NσΘµ,σ = 0, NσΘµν,σ = 0, NσΘµνλ,σ = 0, the generating phases for the sets (C1), (C2), (C3), (C4) and (C5) are:
(Θij,0,Θ0ij,0) = (
pi
Nij
,
2pi
N0ij
)× 2a+ (0, 4pi
N0ij
) = (pia, 0) (D53)
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(Θij,i,Θ0ij,i) = (
pi
Nij
,
2pi
N0ij
)× 2b+ (0, 4pi
N0ij
) = (pib, 0) (D54)
(Θij,j ,Θ0ij,j) = (
pi
Nij
,
2pi
N0ij
)× 2c+ (0, 4pi
N0ij
) = (pic, 0) (D55)
(Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
2Ni
,− pi
N0i
, pi)× 4d+ (0, 4pi
N0i
, 0) = (pi, 0, 0)d (D56)
(Θj,i,Θ0j,i,Θ00j,i) = (
pi
2Nj
,− pi
N0j
, pi)× 4e+ (0, 4pi
N0j
, 0) = (pi, 0, 0)e (D57)
where a, b, c, d, e are integers.
By the constraint Θij,0 + Θoj,i + Θ0i,j = 0, a = 0 (mod 2).
By the constraint Θij,i = −Θi,j , b = −d (mod 2).
By the constraint Θij,j = −Θj,i, c = −e (mod 2).
Hence in this case the classification is Z2 × Z2, which belongs to BSPT.
(2) If Ni2 is odd and
Nj
2 is even (i.e. Z
f
2 × Z2 × ZNj ), the generating phases for the sets (C1), (C2), (C3), (C4) and
(C5) are:
(Θij,0,Θ0ij,0) = (
2pi
Nij
, 0)× a+ (0, 2pi
N0ij
)× b = (pia, pib) (D58)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)× d = (pic, pid) (D59)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)× f = (pie, pif) (D60)
(Θi,j ,Θ0i,j ,Θ00i,j) =
{
( pi2Ni ,− piN0i , pi)× 2g + (0, 4piN0i , 0) = (pi2 ,−pi, 0)g, if Nj = 4
( pi2Ni ,− piN0i , pi)× g + (0, 4piN0i , 0) = (pi4 ,−pi2 , pi)g, if Nj > 4
(D61)
(Θj,i,Θ0j,i,Θ00j,i) =
{
( piNj ,
2pi
N0j
, 0)× 4h+ (0, 2piN0j , pi)× i = (pih, pii, pii), if Nj = 4
( piNj ,
2pi
N0j
, 0)×Njh+ (0, 4piN0j , pi)× i = (pih, 0, pii), if Nj > 4
(D62)
By the constraint Θij,0 + Θoj,i +
Nj
2 Θ0i,j = 0,{
pia+ pii = 0, a = i (mod 2), if Nj = 4
pia+
Nj
2 (−pi2 g) = 0, a = 0 (mod 2), if Nj > 4
(D63)
By the constraint Θij,i = −Nj2 Θi,j ,
pic = −pig, c = −g (mod 4), if Nj = 4
pic = −Nj2 (pi4 g), c = −g (mod 8), if Nj = 8
pic = −Nj2 (pi4 g), c = 0 (mod 2), if Nj > 8
(D64)
By the constraint Θij,j = −Θj,i, pie = −pih, e = −h (mod 2).
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j ,{
b = d = f = i = 0 (mod 2), if Nj = 4
b = d = f = g = i (mod 2), if Nj > 4
(D65)
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Combining all the constraints:
a = b = d = f = i = 0 (mod 2), c = −g (mod 4), e = −h (mod 2), if Nj = 4
a = 0 (mod 2), b = d = f = g = i = −c (mod 8), e = −h (mod 2), if Nj = 8
a = 0 (mod 2), b = d = f = g = i (mod 8), c = 0 (mod 2), e = −h (mod 2), if Nj > 8
(D66)
Hence in this case the classification is{
Z4 × Z2 (a Z2 complex fermion layer aborbed into a Z2 × Z2 BSPT layer), if Ni = 2, Nj = 4
Z8 × Z2 (a Z2 Kitaev-chain layer further aborbed into the Z4 × Z2 above), if Ni = 2, Nj > 4
(D67)
where the indicator of the complex fermion layer is:{
Θfi,j = Θ0i,j = −pig, if Ni = 2, Nj = 4
Θfi,j = Θ0i,j = −pi2 g, if Ni = 2, Nj > 4
(D68)
(3) If Ni2 ,
Nj
2 are even (i.e. Z
f
2 × ZNi × ZNj ) and let Ni ≤ Nj without loss of generality, the generating phases for
the sets (C1), (C2), (C3), (C4) and (C5) are:
(Θij,0,Θ0ij,0) = (
2pi
Nij
, 0)× Nij
2
a+ (0,
2pi
N0ij
)× N0ij
2
b = (pia, pib) (D69)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)× d = (2pi
Ni
c, pid) (D70)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)× f = (2pi
Ni
e, pif) (D71)
(Θi,j ,Θ0i,j ,Θ00i,j) =

( piNi ,
2pi
N0i
, 0)× 2g + (0, 2piN0i , pi)× h = (pi2 g, pih, pih), if Ni = Nj = 4
( piNi ,
2pi
N0i
, 0)× g + (0, 2piN0i , pi)× h = (pi4 g, pi(g + h), pih), if Ni = 4, Nj = 8
( piNi ,
2pi
N0i
, 0)× 2g + (0, 4piN0i , pi)× h = ( 2piNi g, 0, pih), if 8 ≤ Ni = Nj
( piNi ,
2pi
N0i
, 0)× g + (0, 4piN0i , pi)× h = ( piNi g, pig, pih), if 8 ≤ Ni < Nj
(D72)
(Θj,i,Θ0j,i,Θ00j,i) =

( piNj ,
2pi
N0j
, 0)× 2l + (0, 2piN0j , pi)×m = (pi2 l, pim, pim), if Ni = Nj = 4
( piNj ,
2pi
N0j
, 0)× 4l + (0, 4piN0j , pi)×m = (pi2 l, 0, pim), if Ni = 4, Nj = 8
( piNj ,
2pi
N0j
, 0)× 2l + (0, 4piN0j , pi)×m = ( 2piNj l, 0, pim), if 8 ≤ Ni = Nj
( piNj ,
2pi
N0j
, 0)× 2NjNi l + (0, 4piN0j , pi)×m = ( 2piNi l, 0, pim), if 8 ≤ Ni < Nj
(D73)
By the constraint Θij,0 + Θoj,i +
Nj
Ni
Θ0i,j = 0,
pia+ pim+ pih = 0, if Ni = Nj = 4
pia+ pi(g + h) = 0, if Ni = 4, Nj = 8
pia = 0, if 8 ≤ Ni = Nj
pia+ pig = 0, if 8 ≤ Ni < Nj
(D74)
By the constraint Θij,i = −NjNi Θi,j ,
c = −g, if Ni = Nj = 4
c = −g, if Ni = 4, Nj = 8
c = −g, if 8 ≤ Ni = Nj
2pi
Ni
c = 0, if 8 ≤ Ni < Nj and Nj ≥ 2N2i
c = − Nj2Ni g, if 8 ≤ Ni < Nj and Nj < 2N2i
(D75)
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By the constraint Θij,j = −Θj,i, e = −l.
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j , b = d = f = h = m.
Combine all the constraints:
a = 0, b = d = f = h = m (mod 2), c = −g (mod 4), e = −l (mod 4), if Ni = Nj = 4
a = g + h, b = d = f = h = m (mod 2), c = −g (mod 8), e = −l (mod 4), if Ni = 4, Nj = 8
a = 0, b = d = f = h = m (mod 2), c = −g (mod Ni), e = −l (mod Ni), if 8 ≤ Ni = Nj
a = g (mod 2Ni), b = d = f = h = m (mod 2), c = 0, e = −l (mod Ni), if 8 ≤ Ni < Nj and Nj ≥ 2N2i
a = g (mod 2Ni), b = d = f = h = m (mod 2), c = − Nj2Ni g, e = −l (mod Ni), if 8 ≤ Ni < Nj and Nj < 2N2i
(D76)
Hence in this case the classification is
Z4 × Z4 × Z2 (a Z4 × Z4 BSPT, stacking with a Z2 ”Kitaev-chain layer absorbed in complex fermion layer”),
if Ni = Nj = 4
Z8 × Z4 × Z2 (a Z2 ”complex fermion layer abrobed in a Z4 × Z4 BSPT”,
stacking with a Z2 ”Kitaev-chain layer absorbed in comolex fermion layer”), if Ni = 4, Nj = 8
ZNi × ZNi × Z2 (a ZNi × ZNi BSPT, stacking with a Z2 Kitaev-chain layer), if 8 ≤ Ni = Nj
Z2Ni × ZNi × Z2 (a Z2 complex fermion layer abrobed in ZNi × ZNi BSPT, stacking with a Z2 Kitaev-chain layer),
if 8 ≤ Ni < Nj
(D77)
where the complex fermion layer indicators are Θfi,j = Θ0i,j and Θfj,i = Θ0j,i. And the classification can be simplified
as: {
ZNi × ZNi × Z2, if Ni = Nj
Z2Ni × ZNi × Z2, if Ni 6= Nj
(D78)
b. m is even
By the constraint mΘ00i,j = Θ00i,j , mΘ00j,i = Θ00j,i, we have Θ00i,j = 0, Θ00j,i = 0.
By the constraint Θ0ij,0 = Θ00i,j = −Θ0ij,i = −Θ00j,i = −Θ0ij,j , we have Θ0ij,0 = Θ0ij,i = Θ0ij,j = 0, which means
that there is no non-Abelian statistics in this case.
(1) If Ni2 ,
Nj
2 are odd (i.e. Z
f
N0
× Z2 × Z2), the generating phases for the sets (C1), (C2), (C3), (C4) and (C5) are:
(Θij,0,Θ0ij,0) = (
2pi
Nij
, 0)× a+ (0, 2pi
N0ij
)× b = (pia, pib) (D79)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)× d = (pic, pid) (D80)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)× f = (pie, pif) (D81)
(Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
Ni
,
2pi
N0i
, 0)× 2g + (0, 4pi
N0i
, 0) = (pi, 0, 0)g (D82)
(Θj,i,Θ0j,i,Θ00j,i) = (
pi
Nj
,
2pi
N0j
, 0)× 2h+ (0, 4pi
N0j
, 0) = (pi, 0, 0)h (D83)
By the constraint Θ0ij,0 = Θ0ij,i = Θ0ij,j = Θ00i,j = Θ00j,i = 0, b = d = f = 0 (mod 2).
By the constraint N02 Θij,0 + Θoj,i + Θ0i,j = 0,
N0
2 pia = 0, which is always satisfied.
By the constraint Θij,i = −Θi,j , c = −g (mod 2).
By the constraint Θij,j = −Θj,i, e = −h (mod 2).
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The generating phases are determined by integers a (mod 2), g (mod 2), h (mod 2). And the classification is
Z2 × Z2 × Z2 (BSPT).
(2) If Ni2 is odd and
Nj
2 is even (i.e. Z
f
N0
×Z2×ZNj ), the generating phases for the sets (C1), (C2), (C3), (C4) and
(C5) are:
(Θij,0,Θ0ij,0) = (
2pi
Nij
, 0)× a+ (0, 2pi
N0ij
)× 2b = (pia, 0) (D84)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)× 2d = (pic, 0) (D85)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)× 2f = (pie, 0) (D86)
(Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
Ni
,
2pi
N0i
, 0)× g + (0, 4pi
N0i
, 0)× h = (pi
2
, pi, 0)g (D87)
(Θj,i,Θ0j,i,Θ00j,i) = (
pi
Nj
,
2pi
N0j
, 0)×Nj l + (0, 4pi
N0j
, 0)× N0j
4
m = (pil, pim, 0) (D88)
By the constraint
Θij,0 + Θoj,i +
Nj
N0
Θ0i,j = 0, pia+ pim+
Nj
N0
(pig) = 0, a = m (mod 2), if N0 < Nj
Θij,0 + Θoj,i + Θ0i,j = 0, pia+ pim+ pig = 0, if N0 = Nj
N0
Nj
Θij,0 + Θoj,i + Θ0i,j = 0,
N0
Nj
pia+ pim+ pig = 0, m = g (mod 4) if Nj < N0
(D89)
where g is chosen as a generating phase, only a,m need to be considered here.
By the constraint Θij,i = −Nj2 Θi,j , pic = −Nj2 (pi2 g),{
pic = −pig, c = g (mod 4), if Nj = 4
pic = 0, c = 0 (mod 2), if Nj > 4
(D90)
By the constraint Θij,j = −Θj,i, pie = −pil, e = l (mod 2).
Combine all the constraints:
a = m (mod 2), g (mod 4), c = 0 (mod 2), e = l(mod 2), if N0 < Nj
a (mod 2), c = g (mod 4), e = l (mod 2), if 4 = Nj = N0
a (mod 2), g = m = c(mod 4), e = l (mod 2), if 4 = Nj < N0
a (mod 2), g (mod 4), c = 0 (mod 2), e = l (mod 2),, if 4 < Nj = N0
a (mod 2), g = m (mod 4), c = 0 (mod 2), e = l (mod 2), if 4 < Nj < N0
(D91)
where the generating phases are determined by:
a (mod 2), g (mod 4), l (mod 2), for all cases (D92)
Hence in this case the classification is Z4×Z2×Z2 (a Z2 complex fermion layer absorbed into a Z2×Z2×Z2 BSPT
layer), and the complex layer indicators are:
Θfi,j = Θ0i,j = −pig, Θfj,i = N0
2
Θ0j,i = 0, for all cases (D93)
(3) If Ni2 ,
Nj
2 are even (i.e. Z
f
N0
× ZNi × ZNj ) and Ni = Nj , the generating phases for the sets (C1), (C2), (C3),
(C4) and (C5) are:
(Θij,0,Θ0ij,0) =
{
( 2piNij , 0)× a, (0, 2piN0ij )×N0ijb = ( 2piNi a, 0), if N0 ≥ Ni
( 2piNij , 0)×
Nij
N0
a, (0, 2piN0ij )×N0ijb = ( 2piN0 a, 0), if N0 ≤ Ni
(D94)
23
which can be simplified as (as N0, Ni are powers of 2, N0i = min{N0, Ni}):
(Θij,0,Θ0ij,0) = (
2pi
N0i
a, 0) (D95)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)×N0ijd = (2pi
Ni
c, 0) (D96)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)×N0ijf = (2pi
Ni
e, 0) (D97)
Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
Ni
,
2pi
N0i
, 0)× 2g + (0, 4pi
N0i
, 0)× h = (2pi
Ni
g,
4pi
N0i
g +
4pi
N0i
h, 0) (D98)
(Θj,i,Θ0j,i,Θ00j,i) = (
pi
Ni
,
2pi
N0i
, 0)× 2l + (0, 4pi
N0i
, 0)×m = (2pi
Ni
l,
4pi
N0i
l +
4pi
N0i
m, 0) (D99)
By the constraint:
Θij,0 + Θoj,i + Θ0i,j = 0,
2pi
N0i
a+ 4piN0i l +
4pi
N0i
m+ 4piN0i g +
4pi
N0i
h = 0, if N0 ≤ Ni and N0/2 < Ni
N0
Ni
Θij,0 + Θoj,i + Θ0i,j = 0,
4pi
Ni
a+ 4piN0i l +
4pi
N0i
m+ 4piN0i g +
4pi
N0i
h = 0, if N0 > Ni and N0/2 = Ni
N0
Ni
Θij,0 + Θoj,i + Θ0i,j = 0,
N0
Ni
( 2piNi a) +
4pi
N0i
l + 4piN0im+
4pi
N0i
g + 4piN0ih = 0, if N0 > Ni and N0/2 > Ni
(D100)
where g, l are chosen as generating phases, only a, h,m need to be considered here.
By the constraint Θij,i = −Nj2 Θi,j , 2piNi c = pig, where the solution is:
c = 0,
Ni
2
(mod Ni) depending on g (mod Ni) (D101)
By the constraint Θij,j = −Θj,i, 2piNi e = − 2piNi l, e = −l (mod Ni).
Combine all the constraints, the generating phases are:
g (mod Ni), l (mod Ni), a or m (mod N0/2), h (mod N0i/2), if if N0 ≤ Ni and N0/2 < Ni
g (mod Ni), l (mod Ni), a (mod Ni), h (mod N0i/2), if N0 > Ni and N0/2 = Ni
g (mod Ni), l (mod Ni), a (mod Ni), h (mod N0i/2), if N0 > Ni and N0/2 > Ni
(D102)
Hence the classification is ZNi × ZNi × Zmin{N0/2,Ni} × ZN0i/2 (BSPT).
(4) If Ni2 ,
Nj
2 are even (i.e. Z
f
N0
× ZNi × ZNj ) and Ni < Nj , the generating phases for the sets (C1), (C2), (C3),
(C4) and (C5) are:
(Θij,0,Θ0ij,0) = (
2pi
N0i
a, 0) (D103)
(Θij,i,Θ0ij,i) = (
2pi
Nij
, 0)× c+ (0, 2pi
N0ij
)×N0ijd = (2pi
Ni
c, 0) (D104)
(Θij,j ,Θ0ij,j) = (
2pi
Nij
, 0)× e+ (0, 2pi
N0ij
)×N0ijf = (2pi
Ni
e, 0) (D105)
(Θi,j ,Θ0i,j ,Θ00i,j) = (
pi
Ni
,
2pi
N0i
, 0)× g + (0, 4pi
N0i
, 0)× h = ( pi
Ni
g,
2pi
N0i
g +
4pi
N0i
h, 0) (D106)
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(Θj,i,Θ0j,i,Θ00j,i) =

( piNj ,
2pi
N0j
, 0)× 2NjNi l + (0, 4piN0j , 0)×m = ( 2piNi l,
4piNj
N0Ni
l + 4piN0m, 0), if N0 ≤ Nj and N0/2 ≤ Ni
( piNj ,
2pi
N0j
, 0)× 2NjNi l + (0, 4piN0j , 0)× N02Nim = ( 2piNi l,
4piNj
N0Ni
l + 2piNim, 0), if N0 ≤ Nj and N0/2 > Ni
( piNj ,
2pi
N0j
, 0)× 2NjNi l + (0, 4piN0j , 0)×m = ( 2piNi l, 4piNi l + 2piNim, 0), if Nj ≤ N0 and Nj/2 = Ni
( piNj ,
2pi
N0j
, 0)× 2NjNi l + (0, 4piN0j , 0)×
Nj
2Ni
m = ( 2piNi l,
4pi
Ni
l + 2piNim, 0), if Nj ≤ N0 and Nj/2 > Ni
(D107)
By the constraint
Θij,0 + Θoj,i +
Nj
NoiΘ0i,j = 0,
2pi
N0i
a+
4piNj
N0Ni
l + 4piN0m+
Nj
N0i (
2pi
N0i
g + 4piN0ih) = 0, if N0 ≤ Nj and N0/2 ≤ Ni
Θij,0 + Θoj,i +
Nj
NoiΘ0i,j = 0,
2pi
N0i
a+
4piNj
N0Ni
l + 2piNim+
Nj
N0i (
2pi
N0i
g + 4piN0ih) = 0, if N0 ≤ Nj and N0/2 > Ni
N0
Nj
Θij,0 + Θoj,i + Θ0i,j = 0,
N0
Nj
( 2piNi a) +
4pi
Ni
l + 2piNim+
2pi
Ni
g + 4piNih = 0, if Nj ≤ N0 and Nj/2 ≥ Ni
(D108)
where g, l are chosen as generating phases, only a,m, h need to be considered here.
By the constraint Θij,i = −Nj2 Θi,j , 2piNi c = −
Nj
2 (
pi
Ni
g), written further as:{
2pi
Ni
c = pig, c = 0, Ni2 (mod Ni) depending on g (mod 2Ni), if Nj = 2Ni
2pi
Ni
c = −Nj2 ( piNi g), c = 0 (mod Ni) and g (mod 2Ni), if Nj > 2Ni
(D109)
By the constraint Θij,j = −Θj,i, 2piNi e = − 2piNi l, e = −l (mod Ni).
Combine all the constraints, the generating phases are:
g (mod 2Ni), l (mod Ni), h (mod N0i/2), m (mod min{N0/2, Ni}) (D110)
Hence the classification is Z2Ni × ZNi × Zmin{N0/2,Ni} × ZN0i/2 (a Z2 complex fermion layer absorbed into a
ZNi × ZNi × Zmin{N0/2,Ni} × ZN0i/2 BSPT layer), where the complex fermion layer indicators are:
Θfi,j =
N0i
2
Θ0i,j = pig, Θfj,i =
N0j
2
Θ0j,i = 0 (D111)
4. Category (D)
The newly involved constraints in 3D are:
NkΘij,k = 0, NiΘjk,i = 0, NjΘki,j = 0 (D112)
NkΘ0ij,k = 0, NiΘ0jk,i = 0, NjΘ0ki,j = 0 (D113)
N ijk
N ij
Θij,k +
N ijk
N jk
Θjk,i +
N ijk
Nki
Θki,j = 0 (D114)
Θ0ij,k = Θijk,0 = Θ0jk,i = −Θ0ki,j (D115)
Θijk,i = Θiij,k = Θijj,k = Θjjk,i = Θjkk,i = Θkki,j
(D116)
where subset (D4) can be totally absorbed into (D1),
(D2) and (D3).
a. m is odd
Set m = 1 (i.e. Gf = Zf2 × ZNi × ZNj × ZNk) and
assume Ni ≤ Nj ≤ Nk without loss of generality.
(1) If Ni2 ,
Nj
2 ,
Nk
2 are all odd (i.e. Z
f
2 × Z2 × Z2 × Z2),
invoking the known 2D results and combining with the
3D constraints NσΘµ,σ = 0, NσΘµν,σ = 0, NσΘµνλ,σ =
0, the generating phases for the sets (D1), (D2) and (D3)
are:
(Θij,k,Θ0ij,k) = (
pi
Nij
,
2pi
N0ij
)× 2a+ (0, 4pi
N0ij
) = (pia, 0)
(D117)
(Θjk,i,Θ0jk,i) = (
pi
Njk
,
2pi
N0jk
)× 2b+ (0, 4pi
N0jk
) = (pib, 0)
(D118)
(Θki,j ,Θ0ki,j) = (
pi
Nki
,
2pi
N0ki
)× 2c+ (0, 4pi
N0ki
) = (pic, 0)
(D119)
where a, b, c are integers.
By the constraint Θij,k + Θjk,i + Θki,j = 0, pia+ pib+
pic = 0.
Hence in this case the classification is Z2 × Z2, which
belongs to BSPT.
(2) If Ni2 ,
Nj
2 are odd and
Nk
2 is even (i.e. Z
f
2 × Z2 ×
Z2 ×ZNk), the generating phases for the sets (D1), (D2)
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and (D3) are:
(Θij,k,Θ0ij,k) = (
pi
Nij
,
2pi
N0ij
)× a+ (0, 4pi
N0ij
) = (
pi
2
a, pia)
(D120)
(Θjk,i,Θ0jk,i) = (
2pi
Njk
, 0)× b+ (0, 2pi
N0jk
)× c = (pib, pic)
(D121)
(Θki,j ,Θ0ki,j) = (
2pi
Nki
, 0)× d+ (0, 2pi
N0ki
)× e = (pid, pie)
(D122)
By the constraint Nk2 Θij,k+Θjk,i+Θki,j = 0,
Nk
2
pi
2 a+
pib+ pid = 0.
By the constraint Θ0ij,k = Θ0jk,i = −Θ0ki,j , a = c = e
(mod 4).
Combine the two constraints: a = c = e (mod 4), b = d
or b = d+ 1 (mod 2).
Hence in this case the classification is Z4 × Z2, which
is a Z2 non-Abelian complex fermion layer absorbed into
a Z2 × Z2 BSPT layer.
(3) If Ni2 is odd and
Nj
2 ,
Nk
2 are even, or
Ni
2 ,
Nj
2 ,
Nk
2 are
all even (i.e. Zf2×Z2×ZNj×ZNk or Zf2×ZNi×ZNj×ZNk),
the generating phases for the sets (D1), (D2) and (D3)
are:
(Θij,k,Θ0ij,k) = (
2pi
Nij
, 0)× a+ (0, 2pi
N0ij
)× b = (2pi
Ni
a, pib)
(D123)
(Θjk,i,Θ0jk,i) = (
2pi
Njk
, 0)×Nj
Ni
c+(0,
2pi
N0jk
)×d = (2pi
Ni
c, pid)
(D124)
(Θki,j ,Θ0ki,j) = (
2pi
Nki
, 0)× e+ (0, 2pi
N0ki
)×f = (2pi
Ni
e, pif)
(D125)
By the constraint NkNj Θij,k+Θjk,i+Θki,j = 0,
Nk
Nj
2pi
Ni
a+
2pi
Ni
c+ 2piNi e = 0.
By the constraint Θ0ij,k = Θ0jk,i = −Θ0ki,j , b = d = f
(mod 2).
Combine the two constraints, the remaining three gen-
erating phases are: a (mod Ni), c (mod Ni), b = d = f
(mod 2).
Hence in this case the classification is ZNi × ZNi × Z2
(or ZNijk × ZNijk × Z2), which is a simple stacking of a
ZNi × ZNi BSPT layer and a Z2 non-Abelian complex
fermion layer.
b. m is even
For symmetry group ZfN0 ×ZNi ×ZNj ×ZNk , the gen-
erating phases for the sets (D1), (D2) and (D3) are:
(Θij,k,Θ0ij,k) = (
2pi
Nij
, 0)× a+ (0, 2pi
N0ij
)× N0ij
N0ijk
b
= (
2pi
Ni
a,
2pi
N0ijk
b) (D126)
(Θjk,i,Θ0jk,i) = (
2pi
Njk
, 0)× Nj
Ni
c+ (0,
2pi
N0jk
)× N0jk
N0ijk
d
= (
2pi
Ni
c,
2pi
N0ijk
d) (D127)
(Θki,j ,Θ0ki,j) = (
2pi
Nki
, 0)× e+ (0, 2pi
N0ki
)× N0ki
N0ijk
f
= (
2pi
Ni
e,
2pi
N0ijk
f) (D128)
By the constraint NkNj Θij,k+Θjk,i+Θki,j = 0,
Nk
Nj
2pi
Ni
a+
2pi
Ni
c+ 2piNi e = 0.
By the constraint Θ0ij,k = Θ0jk,i = −Θ0ki,j , b = d =
−f (mod N0ijk).
Combine the two constraints, the remaining three gen-
erating phases are: a (mod Ni), c (mod Ni), b = d = f
(mod N0ijk).
Hence in this case the classification is ZNi × ZNi ×
ZN0ijk , which is a Z2 complex fermion layer absorbed into
a ZNi × ZNi × ZN0ijk/2 BSPT layer if the non-Abelian
complex fermion layer indicator is Θfij,k = mΘ0ij,k =
pib (mod 2), while it is simply a ZNi×ZNi×ZN0ijk BSPT
layer if the non-Abelian complex fermion layer indicator
is Θfij,k = mΘ0ij,k = 0.
Appendix E: Classification of 3D FSPT phases with unitary finite Abelian Gf using general group
super-cohomology theory
In this Appendix, we will derive the classification of 3D FSPT with unitary finite Abelian Gf , using the general
group super-cohomology theory20–22. We first give a short review of general group super-cohomology theory of FSPT
phases in section E 1. Some useful group cohomology calculations and relations for cocycles are given in section E 2.
After that, the detailed calculations are given in sections E 3 and E 4 for non-extended and extended unitary finite
Abelian Gf FSPT, respectively.
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1. Review of general group super-cohomology theory
The general group super-cohomology theory for FSPT phases is developed in20–22. The classification data for 3D
FSPT with unitary symmetry group Gf = Zf2×ω2Gb is a triple of cochains (n2, n3, ν4). The data n2 ∈ H2(Gb,Z2)/Γ2
specifies the Majorana chain decorations to the intersection lines of Gb-domain walls. The n3 data is a cochain in
C3(Gb,Z2)/B3(Gb,Z2)/Γ3, specifying the complex fermion decorations to the intersection points of Gb-domain walls.
And the last ν4 ∈ C4(Gb, U(1))/B3(Gb, U(1))/Γ4 is the usual bosonic SPT classification data. These classification
data satisfy the twisted cocycle equations:
dn2 = 0, (E1)
dn3 = ω2 ^ n2 + n2 ^ n2, (E2)
dν4 = O5[n3], (E3)
where the most general expression of the last obstruction function is
O5[n3](012345) = (−1)(ω2^n3+n3^1n3+n3^2dn3)(012345)+ω2(013)dn3(12345) (E4)
× (−1)dn3(02345)dn3(01235)+ω2(023)[dn3(01245)+dn3(01235)+dn3(01234)]
× idn3(01245)dn3(01234) (mod 2) × (−i)[dn3(12345)+dn3(02345)+dn3(01345)]dn3(01235) (mod 2).
All the classification data is defined modulo trivialization subgroup Γi. For state labelled by these data, we can
construct a symmetric gapped state without topological order on their boundary. Therefore, they are in fact trivial
FSPT states24. For unitary Abelian Gf , the trivialization groups Γ
i can be calculated from
Γ2 = {ω2 ^ n0 ∈ H2(Gb,Z2)|n0 ∈ H0(Gb,Z)}, (E5)
Γ3 = {ω2 ^ n1 + (ω2 ^1 ω2) bn0/2c ∈ H3(Gb,Z2)|n1 ∈ H1(Gb,Z2), n0 ∈ H0(Gb,ZT )}, (E6)
Γ4 = {(−1)ω2^n2+n2^n2 ∈ H4(Gb, U(1))|n2 ∈ H2(Gb,Z2)}. (E7)
In the rest of this Appendix, we will use the above equations to derive a complete classification for unitary finite
Abelian Gf FSPT phases.
2. Cohomology groups, explicit cocycles and Bockstein homomorphism
There are many useful relations for cocycles of the cyclic group ZN . They can tremendously simplify the FSPT
calculations. In the following, we denote the cyclic group as ZN = {0, 1, ..., N − 1}, where the group multiplication
is given by the addition of integers mod N . We will use the notation
n
= to mean equality up to mod n. Similarly,
Z
=
emphasizes an equality in the ring of integers. And
n,d
= means an equality up to Zn-valued coboundaries (a.k.a. they
belong to the same Zn-valued cohomology class). The symbol bxc is the floor function as the largest integer smaller
than or equal to x. And [x]N is defined to be the mod N value of an integer x.
a. Z2-coefficient cohomology
The cohomology ring for ZN (N even) with Z2 coefficient is
H∗(ZN ,Z2) =
{
Z2[nZ21 ], if N
4
= 2,
Z2[nZ21 , n
Z2
2 ]/{(nZ21 )2}, if N 4= 0.
(E8)
So we can use the cup product of nZ21 ∈ H1(ZN ,Z2) and nZ22 ∈ H2(ZN ,Z2) to obtain all cocycles. The superscript
Z2 of nZ2i emphasizes that they are Z2-valued cocycles. As will shown later, the cocycle (n
Z2
1 )
2 := nZ21 ^ n
Z2
1 has
different result for different N : (nZ21 )
2 2,d= nZ22 if N
4
= 2, and (nZ21 )
2 2,d= 0 if N
4
= 0.
The explicit cocycles in H∗(ZN ,Z2) are also very useful in the calculations. The expressions of nZ21 and n
Z2
2 are
(a, b ∈ ZN ):
nZ21 (a)
2
= [a]2, (E9)
nZ22 (a, b)
2
=
⌊
a+ b
N
⌋
2
=
a+ b− [a+ b]N
N
. (E10)
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Other cocycles can be obtained from the cup products of nZ21 and n
Z2
2 .
b. Z-coefficient cohomology
The Z-coefficient group cohomology for ZN is
H∗(ZN ,Z) = Z[nZ2 ]/{NnZ2} = ZN [nZ2 ]. (E11)
Again, the superscript Z of the generator 2-cocycle nZ2 is to emphasize that it is Z-valued. In fact, the Z2-valued
cocycle nZ22 in Eq. (E10) is the same as Z-valued cocycle nZ2 :
nZ2 (a, b)
Z
=
⌊
a+ b
N
⌋
Z
=
a+ b− [a+ b]N
N
Z
=
(
1
N
dnZN1
)
(a, b), (E12)
where
nZN1 (a)
N
= [a]N (E13)
is the generator of H1(ZN ,ZN ) = ZN . So it is easy to see that
dnZ2
Z
= d
(
1
N
dnZN1
)
Z
=
1
N
d2nZN1
Z
= 0, (E14)
from the fact d2 = 0. All other cocycles in H∗(ZN ,Z) can be obtained from the addition and cup product of several
nZ2 .
Using the relations of Z2 and Z-valued cocycles, we can show that
(nZ21 )
2 := nZ21 ^ n
Z2
1
Z
=
1
2
dnZ21
Z
=
1
2
dnZN1 + dµ1
Z
=
N
2
dnZN1
N
+ dµ1
Z
=
N
2
nZ2 + dµ1
Z,d
=
N
2
nZ2 . (E15)
where we have defined a Z-valued 1-cochain (a ∈ ZN ):
µ1(a) :=
1
2
(nZ21 − nZN1 )(a) Z=
[a]2 − [a]N
2
. (E16)
Since N is even, the right-hand-side of the above equation is indeed an integer. So we have
(nZ21 )
2 Z,d=
N
2
nZ2
2,d
=
{
0, if N
4
= 0,
nZ22 , if N
4
= 2.
(E17)
This is exactly the result claimed below Eq. (E8). When N
4
= 0, we also know the explicit coboundary as
(nZ21 )
2 Z=
N
2
nZ2 + dµ1
2
= dµ1. (E18)
c. Bockstein homomorphism
The notion of Bockstein homomorphism is very useful in checking whether a cocycle (−1)fk [fk ∈ Hk(Gb,Z2)] is a
U(1)-valued coboundary or not. It is defined as a mapping from Hk(Gb,Z2) to Hk+1(Gb,Z):
β(fk)
Z
=
dfk
2
, (E19)
where fk is a cocycle in H
k(Gb,Z2). The coboundary operator is defined with appropriate plus and minus signs in
integers. Because of dfk
2
= 0, the right-hand-side of Eq. (E19) is always an integer. The Bockstein homomorphism is
the connecting isomorphism between Hk(Gb,Z2) and Hk+1(Gb,Z). So we have the useful relation
(−1)fk ∈ Bk(Gb, U(1))⇐⇒ β(fk) ∈ Bk+1(Gb,Z). (E20)
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We can use it to check whether (−1)fk is a U(1)-valued coboundary or not.
When acting on the cup product of two cocycles, the Bockstein homomorphism reads
β(x ^ y)
Z
= β(x) ^ y + (−1)deg(x)x ^ β(y), (E21)
which is essentially the Leibniz’s rule for coboundary operators. When modulo two, the Bockstein homomorphism is
related to Steenrod square operation and higher cup product as
β(fk)
2
= Sq1(fk)
2
= fk ^k−1 fk. (E22)
There are also some useful equations for Steenrod squares:
Sq0(x)
2,d
= x, (E23)
Sqi(x)
2,d
= 0, if i > deg(x), (E24)
Sqi(x)
2,d
= x ^ x, if i = deg(x), (E25)
Sqn(x ^ y)
2,d
=
∑
i+j=n
Sqi(x) ^ Sqj(y). (E26)
The last equation is called Cartan formula.
For the special case of cohomology for group ZN , the Bockstein homomorphism of the generator nZ22 ∈ H2(ZN ,Z2) =
Z2 can be shown to be zero:
Sq1(nZ22 )
2
= β(nZ22 )
Z
=
1
2
dnZ22
Z
=
1
2
d2nZ1
Z
= 0, (E27)
where we used d2 = 0 in the last step.
3. Classification of FSPT with Gf = Zf2 ×
∏K
i=1 ZNi
The fermionic symmetry group Gf = Zf2 ×
∏K
i=1 ZNi is associated with bosonic symmetry group
Gb =
K∏
i=1
ZNi , (E28)
and trivial central extension ω2 = 0. It is known that, for a given positive integer N , we have a unique factorization
N =
∏
p p
np (p is a prime number and np is a positive integer in Z+) and a group isomorphism ZN ∼=
∏
p Zpnp . For
prime number p > 2, the cohomology group H∗(Zpnp ,Z2) is trivial. Therefore, the symmetry group
∏
p>2 Zpnp can
only protect bosonic SPT phases, and can only affect the FSPT classifications though adding some BSPT phases. To
understand genuine FSPT, we can assume
Ni = 2
ki (1 ≤ i ≤ K, ki ∈ Z+) (E29)
in the bosonic symmetry group Gb Eq. (E28). Without loss of generality, we can also reorder the Abelian groups such
that
Ni ≤ Ni+1 (1 ≤ i ≤ K − 1). (E30)
Using Ku¨nneth formula and universal coefficient theorem, the relevant cohomology groups with Z2 and U(1) coef-
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ficients for Eq. (E28) (Ni = 2
ki ≥ 2, Ni ≤ Ni+1) are given by
H2(Gb,Z2) = Z
C1K+C
2
K
2 =
∏
1≤i≤K
〈n(i)2 〉
∏
1≤i<j≤K
〈n(i)1 n(j)1 〉, (E31)
H3(Gb,Z2) = Z
C1K+2C
2
K+C
3
K
2 =
∏
1≤i≤K
〈n(i)1 n(i)2 〉
∏
1≤i<j≤K
〈n(i)1 n(j)2 , n(i)2 n(j)1 〉
∏
1≤i<j<k≤K
〈n(i)1 n(j)1 n(k)1 〉, (E32)
H4(Gb, U(1)) =
∏
1≤i<j≤K
Z2Nij
∏
1≤i<j<k≤K
Z2Nijk
∏
1≤i<j<k<l≤K
ZNijkl , (E33)
H5(Gb, U(1)) = H
6(Gb,Z) =
∏
1≤i≤K
ZNi
∏
1≤i<j≤K
Z2Nij
∏
1≤i<j<k≤K
Z4Nijk
∏
1≤i<j<k<l≤K
Z3Nijkl
∏
1≤i<j<k<l<m≤K
ZNijklm
=
∏
1≤i≤K
〈(n(i)2 )3〉
∏
1≤i<j≤K
〈(n(i)2 )2n(j)2 , n(i)2 (n(j)2 )2〉
∏
1≤i<j<k≤K
〈n(i)2 n(j)2 n(k)2 〉 × ... (E34)
Here, CiK =
K!(K−i)!
i! is the binomial coefficient. We have listed the generators for the Z2 coefficient cohomology
groups, as well as the generators of some some relevant subgroups of Z coefficient cohomology groups. They are
expressed as cup products of n
(i)
1 and n
(i)
2 (1 ≤ i ≤ K), which are generating cocycles for the i-th Abelian group ZNi
in Gb. In the following, all n
(i)
p are Z2-valued p-cocycles with the superscript Z2 omitted.
a. Trivialization
Since ω2 = 0, we have the trivialization groups Γ
2 = 0 and Γ3 = 0 according to Eqs. (E5) and (E6). So all nontrivial
obstruction-free n2 and n3 correspond to nontrivial FSPT states.
The trivialization group Γ4 is generated (−1)n2^n2 = (−1)Sq2(n2) according to Eq. (E7). We have two choices of
root 2-cocycle n2 ∈ H2(Gb,Z2) [see Eq. (E31)]: n2 = n(i)2 and n2 = n(i)1 n(j)1 for some 1 ≤ i < j ≤ K. For both of
them, one can show that β(Sq2(n2))
Z,d
= 0:
β(Sq2(n
(i)
2 ))
Z,d
= β(n
(i)
2 n
(i)
2 )
Z,d
= β(n
(i)
2 )n
(i)
2 + n
(i)
2 β(n
(i)
2 )
Z
= 0, (E35)
β(Sq2(n
(i)
1 n
(j)
1 ))
Z,d
= β(Sq1(n
(i)
1 )Sq
1(n
(j)
1 ))
Z,d
= β((n
(i)
1 )
2(n
(j)
1 )
2)
Z,d
= 0, (E36)
where we used Eq. (E27) and β((n
(i)
1 )
2)
Z,d
= β(n
(i)
1 )n
(i)
1 − n(i)1 β(n(i)1 )
Z,d
= (n
(i)
1 )
3 − (n(i)1 )3 Z= 0. Therefore, we have
(−1)n2^n2 d= 1 for all n2 ∈ H2(Gb,Z2). The trivialization group Γ4 is also trivial.
b. Obstruction
To solve the equations Eqs. (E2) and (E3), we have to check that the right-hand-side of the equations are cobound-
aries, otherwise there are no solutions. We need to check these obstructions layer by layer: we first solve Eq. (E2) for
n3 with a given 2-cocycle n2; after obtaining n3, we can solve Eq. (E3) for ν4 with this n3.
(1) Obstruction for n2.
The equation for n3 is Eq. (E2), i.e., dn3
2
= n2 ^ n2 (recall that ω2 = 0). So the obstruction function for n2 is
O4[n2] 2= n2 ^ n2. (E37)
Below we will check the obstructions for all possible n2 ∈ H2(Gb,Z2). In fact, we only need to check the obstructions for
generators of n2. All others can be obtained from the cohomology operation property: O4[n2 +n′2] 2,d= O4[n2]+O4[n′2].
(1.1) n2
2
= n
(i)
2 (1 ≤ i ≤ K) [obstructed].
According to Eq. (E8), O4[n(i)2 ] = n(i)2 ^ n(i)2 is always a nontrivial 4-cocycle in H4(Gb,Z2). So n2 = n(i)2 is
obstructed for all 1 ≤ i ≤ K.
(1.2) n2
2
= n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K) [obstruction-free iff Nj ≥ 4].
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For n2
2
= n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K), one can show that
O4[n2] 2= n(i)1 n(j)1 n(i)1 n(j)1 (E38)
2
= n
(i)
1
[
n
(i)
1 n
(j)
1 + d
(
n
(i)
1 ^1 n
(j)
1
)]
n
(j)
1 (E39)
2
= (n
(i)
1 )
2(n
(j)
1 )
2 + d
[
n
(i)
1
(
n
(i)
1 ^1 n
(j)
1
)
n
(j)
1
]
, (E40)
where we have used Steenrod’s higher cup product ^i
29. It can be used to switch the cup product of two cocycles as
d(np ^i nq)
2
= dnp ^i nq + np ^i dnq + np ^i−1 nq + nq ^i−1 np. (E41)
From Eq. (E17), we can further simplify O4[n2] as O4[n2] 2,d= n(i)2 n(j)2 if Ni = Nj = 2, and O4[n2]
2,d
= 0, if Nj ≥ 4 (note
that we have assumed Ni ≤ Nj). For the latter case (Nj ≥ 4), we also have
O4[n2] 2= (n(i)1 )2(n(j)1 )2 + d
[
n
(i)
1
(
n
(i)
1 ^1 n
(j)
1
)
n
(j)
1
]
(E42)
2
= (n
(i)
1 )
2dµ
(j)
1 + d
[
n
(i)
1
(
n
(i)
1 ^1 n
(j)
1
)
n
(j)
1
]
(E43)
2
= d
[
(n
(i)
1 )
2µ
(j)
1 + n
(i)
1
(
n
(i)
1 ^1 n
(j)
1
)
n
(j)
1
]
(E44)
where µ
(j)
1 is the cochain defined in Eq. (E16) for the subgroup ZNj . So we can get a special solution of n3 as
n¯3
2
= (n
(i)
1 )
2µ
(j)
1 + n
(i)
1
(
n
(i)
1 ^1 n
(j)
1
)
n
(j)
1 . (E45)
In summary, n2
2
= n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K) is obstructed by O4[n2] iff Ni = Nj = 2. For other cases (i.e., Nj ≥ 4),
dn3
2
= n2 ^ n2 has a special n3 solution Eq. (E45).
(2) Obstruction for n3.
After checked the obstruction function O4[n2], we now can check the obstruction function O5[n3]. There are two
cases we need to calculate. The first case (2.0) below is that n2 = n
(i)
1 n
(j)
1 for some 1 ≤ i < j ≤ K and Nj ≥ 4, and
n3 has a special solution n¯3 shown in Eq. (E45). We then need to calculate the full complicated obstruction function
O5[n¯3] in Eq. (E4). The second case (from 2.1 to 2.4) is associated with n2 2= 0, and a 3-cocycle n3 in H3(Gb,Z2).
And the obstruction function in this case is merely
O5[n3]
∣∣
ω2
2
=0,n2
2
=0
= (−1)Sq2(n3) = (−1)n3^1n3 , (E46)
for dn3
2
= n2 ^ n2
2
= 0.
(2.0) n2
2
= n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K, Nj ≥ 4) and n3 2= n¯3 [obstruction-free iff NiNj ≥ 16].
In this case, we should use the obstruction function O5[n¯3] in Eq. (E4) which involves some non-higher-cup-product
terms. Therefore, we can use the complete U(1) cocyle invariants for unitary finite Abelian groups to check whether
O5[n¯3] is trivial or not. After some tedious calculations, the possibly nontrivial invariants associated with O5[n¯3] are
eiΩij = i−N
ij(Nij−1)Nj(Nj−1)/4, (E47)
eiΩji = iN
ij(Nij−1)Ni(Ni−1)/4. (E48)
For all the invariants to be trivial and n¯3 to be obstruction-free, we need N
ijNi/4
4
= 0. Recall that Ni ≤ Nj , so the
obstruction-free condition reduces to
NiNj ≥ 16. (E49)
In summary, the classification data (n2
2
= n
(i)
1 n
(j)
1 , n3
2
= n¯3) is obstruction-free (1 ≤ i < j ≤ K), iff the parameters
of the symmetry group satisfy NiNj ≥ 16. For Gb = Z2 × Z2, it is obstructed by O4[n2]. For Gb = Z2 × Z4, O5[n3]
is nontrivial although O4[n2] is trivial.
For the following cases, we have n2
2
= 0. So we can use the simpler obstruction function Eq. (E46).
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(2.1) n3
2
= n
(i)
1 n
(i)
2 (1 ≤ i ≤ K) [obstructed].
Using Eq. (E27) and the formulas Eqs. (E23) and (E26) related to Steenrod square, we have Sq2(n3)
2
=
Sq2(n
(i)
1 n
(i)
2 )
2
= n
(i)
1 (n
(i)
2 )
2. We can use the Bockstein homomorphism of Sq2(n3) is
β[Sq2(n3)]
Z
= β[n
(i)
1 (n
(i)
2 )
2]
Z
= (n
(i)
1 )
2(n
(i)
2 )
2 Z,d=
Ni
2
(n
(i)
2 )
3, (E50)
which is the Ni2 -th nontrivial cocycle in H
6(ZNi ,Z) = ZNi = 〈(n(i)2 )3〉. So n3 2= n(i)1 n(i)2 is obstructed.
(2.2) n3
2
= n
(i)
1 n
(j)
2 (1 ≤ i < j ≤ K) [obstructed].
Similar to the previous case, we have Sq2(n3)
2
= Sq2(n
(i)
1 n
(j)
2 )
2
= n
(i)
1 (n
(j)
2 )
2. The Bockstein homomorphism is then
β[Sq2(n3)]
Z
= β[n
(i)
1 (n
(j)
2 )
2]
Z
= (n
(i)
1 )
2(n
(j)
2 )
2 Z,d=
Ni
2
n
(i)
2 (n
(j)
2 )
2. (E51)
The generator n
(i)
2 (n
(j)
2 )
2 of ZNij ⊂ H6(ZNi × ZNj ,Z) [see Eq. (E34)] has order Nij = Ni (note that Ni ≤ Nj).
Therefore, β[Sq2(n3)] is a nontrivial cocycle in H
6(ZNi × ZNj ,Z), and n3 2= n(i)1 n(j)2 is obstructed.
(2.3) n3
2
= n
(i)
2 n
(j)
1 (1 ≤ i < j ≤ K) [obstruction-free iff Ni < Nj].
In this case, we have Sq2(n3)
2
= Sq2(n
(i)
2 n
(j)
1 )
2
= (n
(i)
2 )
2n
(j)
1 . Its Bockstein homomorphism is
β[Sq2(n3)]
Z
= β[(n
(i)
2 )
2n
(j)
1 ]
Z
= (n
(i)
2 )
2(n
(j)
1 )
2 Z,d=
Nj
2
(n
(i)
2 )
2n
(j)
2 . (E52)
The generator (n
(i)
2 )
2n
(j)
2 of ZNij ⊂ H6(ZNi ×ZNj ,Z) [see Eq. (E34)] also has order Nij = Ni. If Ni = Nj , Eq. (E52)
is a nontrivial cocycle. If Ni < Nj , then Eq. (E52) is a coboundary, since the coefficient Nj/2 is a multiple of the
order Ni.
In summary, n3
2
= n
(i)
2 n
(j)
1 is obstruction-free iff Ni < Nj . We can also derive the explicit ν4.
(2.4) n3
2
= n
(i)
1 n
(j)
1 n
(k)
1 (1 ≤ i < j < k ≤ K) [obstruction-free iff Nk ≥ 4].
In this case, we can show that
Sq2(n3)
2
= Sq2[n
(i)
1 n
(j)
1 n
(k)
1 ]
2
= (n
(i)
1 )
2(n
(j)
1 )
2n
(k)
1 + (n
(i)
1 )
2n
(j)
1 (n
(k)
1 )
2 + n
(i)
1 (n
(j)
1 )
2(n
(k)
1 )
2, (E53)
β[Sq2(n3)]
Z
= 3(n
(i)
1 )
2(n
(j)
1 )
2(n
(k)
1 )
2 Z,d=
3NiNjNk
8
n
(i)
2 n
(j)
2 n
(k)
2 . (E54)
The generator n
(i)
2 n
(j)
2 n
(k)
2 in the subgroup ZNijk ⊂ H6(Gb,Z) has order Nijk [see Eq. (E34)]. So n3 2= n(i)1 n(j)1 n(k)1
is obstruction-free iff
3NiNjNk
8 ∈ Z. Using the fact 2 ≤ Ni ≤ Nj ≤ Nk, the obstruction-free condition is reduced to
Nk ≥ 4.
c. Summary
Note that all the obstruction functions are different for the above generators n3 that are obstructed. Therefore,
the summation of several generators, as a generic 3-cocycle n3 ∈ H3(Gb,Z2), is obstructed if one of the generator is
obstructed. To summarize, the obstruction-free classification data (n2, n3, ν4) belongs to the groups:
n2 ∈
∏
1≤i<j≤K
{
Z2, (NiNj ≥ 16)
0, (NiNj ≤ 8)
, (E55)
n3 ∈
∏
1≤i<j≤K
{
Z2, (Ni < Nj)
0, (Ni = Nj)
×
∏
1≤i<j<k≤K
{
Z2, (Nk ≥ 4)
0, (Ni = Nj = Nk = 2)
, (E56)
ν4 ∈
∏
1≤i<j≤K
Z2Nij
∏
1≤i<j<k≤K
Z2Nijk
∏
1≤i<j<k<l≤K
ZNijkl . (E57)
32
4. Classification of FSPT with Gf = Zf2m ×
∏K
i=1 ZNi
With the definition
N0 = 2m, (E58)
the fermionic symmetry group Gf = Zf2m ×
∏K
i=1 ZNi can be also written as Gf =
∏K
i=0 ZNi . It is associated with
bosonic symmetry group
Gb = Zm ×
K∏
i=1
ZNi = ZN0/2 ×
K∏
i=1
ZNi . (E59)
and extension specified by
ω2(a, b)
2
= n
(0)
2 (a, b)
2
=
⌊
a0 + b0
m
⌋
. (E60)
Without loss of generality, we can assume m = 2k to be the k-th power of 2 (k ≥ 1). Otherwise Zf2m is isomorphic
to Zf
2k+1
× Zm/2k , and the latter subgroup can be absorbed to ZNi with i > 0. We note that n(0)2 is the nontrivial
Z2-valued 2-cocycle of Zm, rather than that of ZN0 = Z2m. This is different from n
(i)
2 for 1 ≤ i ≤ K.
Similar to the previous section, we assume
N0 = 2
k0 (k0 ≥ 2), (E61)
Ni = 2
ki (0 ≤ i ≤ K, ki ≥ 1). (E62)
Without loss of generality, we can also reorder the Abelian groups such that
Ni ≤ Ni+1 (1 ≤ i ≤ K − 1). (E63)
Using Ku¨nneth formula and universal coefficient theorem, the relevant cohomology groups with Z2 and U(1) coef-
ficients for Eq. (E59) are given by
H2(Gb,Z2) = Z
1+2C1K+C
2
K
2 = 〈n(0)2 〉
∏
1≤i≤K
〈n(i)2 , n(0)1 n(i)1 〉
∏
1≤i<j≤K
〈n(i)1 n(j)1 〉, (E64)
H3(Gb,Z2) = Z
1+3C1K+3C
2
K+C
3
K
2 = 〈n(0)1 n(0)2 〉
∏
1≤i≤K
〈n(i)1 n(i)2 , n(0)1 n(i)2 , n(i)1 n(0)2 〉
×
∏
1≤i<j≤K
〈n(i)1 n(j)2 , n(i)2 n(j)1 , n(0)1 n(i)1 n(j)1 〉
∏
1≤i<j<k≤K
〈n(i)1 n(j)1 n(k)1 〉, (E65)
H4(Gb, U(1)) =
∏
1≤i≤K
Z2gcd(m,Ni)
∏
1≤i<j≤K
Z2NijZ
2
gcd(m,Nij)
∏
1≤i<j<k≤K
Z2NijkZgcd(m,Nijk)
∏
1≤i<j<k<l≤K
ZNijkl ,
=
∏
1≤i≤K
〈e2pii
k0i
gcd(m,Ni)
n
(0)
1 n
(0)
2 n
(i)
1 , e
2pii
ki0
gcd(m,Ni)
n
(i)
1 n
(i)
2 n
(0)
1 〉
∏
1≤i<j≤K
〈e2pii
kij
Nij
n
(i)
1 n
(i)
2 n
(j)
1 , e
2pii
kji
Nij
n
(j)
1 n
(j)
2 n
(i)
1 〉
×
∏
1≤i<j≤K
〈e2pii
k0ij
gcd(m,Ni)
n
(0)
1 n
(i)
1 n
(j)
2 , e
2pii
k0ji
gcd(m,Nj)
n
(0)
1 n
(j)
1 n
(i)
2 〉
∏
1≤i<j<k≤K
〈e2pii
kijk
Nij
n
(i)
1 n
(j)
1 n
(k)
2 , e
2pii
kikj
Nik
n
(i)
1 n
(k)
1 n
(j)
2 〉
×
∏
1≤i<j<k≤K
〈e2pii
k0ijk
gcd(m,Nijk)
n
(0)
1 n
(i)
1 n
(j)
1 n
(k)
1 〉
∏
1≤i<j<k<l≤K
〈e2pii
kijkl
Nijkl
n
(i)
1 n
(j)
1 n
(k)
1 n
(l)
1 〉. (E66)
We have also listed explicitly the “cononical” U(1)-valued cocycles, in terms of n
(i)
1 ∈ H1(ZNi ,ZNi) and n(i)2 ∈
H2(ZNi ,Z) [see Eqs. (E13) and (E12) for their expressions]. The parameters k’s are integers modulo the corresponding
subgroup orders:
k0i, ki0 ∈ gcd(m,Ni), kij , kji ∈ Nij , k0ij , k0ji ∈ gcd(m,Nij), (E67)
kijk, kikj ∈ Nijk, k0ijk ∈ gcd(m,Nijk), kijkl ∈ gcd(m,Nijk). (E68)
There cohomology results are essentially the same as the previous Eq. (E31) to Eq. (E33). The only difference is that
we have one more subgroup ZN0/2 = Zm in Gb. The cohomology group of H5(Gb, U(1)) can be similarly obtained.
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a. Trivialization
Since ω2 = n
(0)
2 , we have the trivialization group
Γ2 = Z2 = 〈n(0)2 〉, (E69)
according to Eq. (E5). As n
(0)
2 ^1 n
(0)
2
2,d
= Sq1(n
(0)
2 )
2,d
= 0, we have trivialization group
Γ3 = ZK+12 =
∏
0≤i≤K
〈n(0)2 n(i)1 〉, (E70)
according to Eq. (E6).
The trivialization group Γ4 in Eq. (E7) is much more complicated. We have several choices of n2 in Eq. (E64). (1)
For n2
2
= n
(i)
2 (0 ≤ i ≤ K), the trivialization cocycle (−1)ω2n2+n2n2 = (−1)n
(0)
2 n
(i)
2 +n
(i)
2 n
(i)
2 is a U(1) coboundary. This
is because β(n
(0)
2 n
(i)
2 + n
(i)
2 n
(i)
2 )
Z
= 0, as β(n
(i)
2 )
Z
= 0 from Eq. (E27). (2) For n2
2
= n
(0)
1 n
(i)
1 (1 ≤ i ≤ K), we have
(−1)ω2n2+n2n2 = (−1)n(0)2 n(0)1 n(i)1 +n(0)1 n(i)1 n(0)1 n(i)1 d= (−1)n(0)2 n(0)1 n(i)1 +(n(0)1 )2(n(i)1 )2 (E71)
d
= (−1)n(0)2 n(0)1 n(i)1 = e2pii
gcd(m,Ni)/2
gcd(m,Ni)
n
(0)
2 n
(0)
1 n
(i)
1 (E72)
which is a nontrivial element in H5(Zm × ZNi , U(1)) compared to the explicit cocycles in Eq. (E66). (3) For n2 2=
n
(i)
1 n
(j)
1 , we can do similar calculations and find that
(−1)ω2n2+n2n2 d= (−1)n(0)2 n(i)1 n(j)1 = e2pii
Nij/2
Nij
n
(0)
2 n
(i)
1 n
(j)
1 . (E73)
This cocycle is a coboundary in Zgcd(m,Nij) ⊂ H4(Zm×ZNi×ZNj , U(1)), iff Nij/2 ∈ gcd(m,Nij)Z, which is equivalent
to m < Nij . In summary, the trivialization group for BSPT 4-cocycles is
Γ4 = ZK2 ×
∏
1≤i<j≤K
{
Z2, (m ≥ Nij)
Z1, (m < Nij)
=
∏
1≤i≤K
〈(−1)n(0)2 n(0)1 n(i)1 〉
∏
1≤i<j≤K and m≥Nij
〈(−1)n(0)2 n(i)1 n(j)1 〉. (E74)
We note that all the nontrivial elements in the trivialization group are of order two.
b. Obstruction
Now we check the obstructions for different choices of n2 and n3 shown in Eqs. (E64) and (E65).
(1) Obstruction for n2.
From the equation of n3 Eq. (E2), the obstruction function for n2 is
O4[n2] 2= ω2 ^ n2 + n2 ^ n2. (E75)
Again, we need to check the obstructions for generators of n2. All others can be obtained from O4[n2 + n′2] 2,d=
O4[n2] +O4[n′2].
(1.1) n2
2
= n
(0)
2 [trivialized].
Although n2
2
= n
(0)
2 is obstruction-free, it is trivialized by Γ
2 in Eq. (E69).
(1.2) n2
2
= n
(i)
2 (1 ≤ i ≤ K) [obstructed].
The obstruction function O4[n(i)2 ] 2= n(0)2 ^ n(i)2 + n(i)2 ^ n(i)2 is a nontrivial 4-cocycle in H4(Gb,Z2). So n2 = n(i)2
is obstructed for all 1 ≤ i ≤ K.
(1.3) n2
2
= n
(0)
1 n
(i)
1 (1 ≤ i ≤ K) [obstructed].
In this case, the obstruction function is
O4[n2] 2= n(0)2 n(0)1 n(i)1 + n(0)1 n(i)1 n(0)1 n(i)1
2,d
= n
(0)
2 n
(0)
1 n
(i)
1 + (n
(0)
1 )
2(n
(i)
1 )
2. (E76)
34
The first part n
(0)
2 n
(0)
1 n
(i)
1 is always a nontrivial cocycle and can not be cancelled by the second. So n2
2
= n
(0)
1 n
(i)
1 are
all obstructed for (1 ≤ i ≤ K).
(1.4) n2
2
= n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K) [obstructed].
Similar to the previous case, the obstruction function is
O4[n2] 2= n(0)2 n(i)1 n(j)1 + n(i)1 n(j)1 n(i)1 n(j)1
2,d
= n
(0)
2 n
(i)
1 n
(j)
1 + (n
(i)
1 )
2(n
(j)
1 )
2. (E77)
The first part is always nontrivial, and can not be cancelled by the second. So n2
2
= n
(i)
1 n
(j)
1 are all obstructed for
(1 ≤ i < j ≤ K).
In summary, all nontrivial n2 (even for the summation of some generators of n2 discussed above) are either trivialized
or obstructed. So there is no Majorana chain decoration for FSPT with arbitrary unitary finite Abelian symmetry
group Gf , if the symmetry is extended by ω2 6= 0. The only possibility is complex fermion decoration layer n3 which
will be discussed below.
(2) Obstruction for n3.
Since all nontrivial n2 are trivialized or obstructed, we only need to consider n2
2
= 0. Then the obstruction function
O5[n3] in Eq. (E4) becomes a simpler form
O5[n3]
∣∣
n2
2
=0
= (−1)ω2n3+Sq2(n3) = (−1)ω2n3+n3^1n3 . (E78)
(2.1) n3
2
= n
(0)
1 n
(0)
2 [trivialized].
The complex fermion decoration data n3
2
= n
(0)
1 n
(0)
2 is trivialized by Eq. (E70).
(2.2) n3
2
= n
(i)
1 n
(i)
2 (1 ≤ i ≤ K) [obstructed].
Since Sq2(n3)
2
= Sq2(n
(i)
1 n
(i)
2 )
2
= n
(i)
1 (n
(i)
2 )
2, we have obstruction function Eq. (E78) as
O5[n3] = (−1)n
(0)
2 n
(i)
1 n
(i)
2 +n
(i)
1 (n
(i)
2 )
2
= e
2pii
Ni/2
Ni
n
(0)
2 n
(i)
1 n
(i)
2 +2pii
Ni/2
Ni
n
(i)
1 (n
(i)
2 )
2
. (E79)
The second term e
2pii
Ni/2
Ni
n
(i)
1 (n
(i)
2 )
2
is always a nontrivial element in H5(ZNi , U(1)) = ZNi = 〈e2pii
1
Ni
n
(i)
1 (n
(i)
2 )
2〉. And it
cannot be cancelled by the first term. Therefore, n3
2
= n
(i)
1 n
(i)
2 is always obstructed.
(2.3) n3
2
= n
(0)
1 n
(i)
2 (1 ≤ i ≤ K) [obstruction-free iff m > Ni].
In this case, we have Sq2(n3)
2
= Sq2(n
(0)
1 n
(i)
2 )
2
= n
(0)
1 (n
(i)
2 )
2, and
O5[n3] = (−1)n
(0)
2 n
(0)
1 n
(i)
2 +n
(0)
1 (n
(i)
2 )
2
= e2pii
m/2
m n
(0)
2 n
(0)
1 n
(i)
2 +2pii
m/2
m n
(0)
1 (n
(i)
2 )
2
. (E80)
The cohomology group of H5(Zm × ZNi) has subgroups Z2gcd(m,Ni) = 〈e2pii
1
mn
(0)
2 n
(0)
1 n
(i)
2 , e2pii
1
mn
(0)
1 (n
(i)
2 )
2〉. So O5[n3]
is a trivial cocycle iff m/2 ∈ gcd(m,Ni)Z, which is equivalent to m > Ni. Therefore, n3 2= n(0)1 n(i)2 (1 ≤ i ≤ K) is
obstruction-free iff m > Ni.
(2.4) n3
2
= n
(0)
2 n
(i)
1 (1 ≤ i ≤ K) [trivialized].
The complex fermion decoration data n3
2
= n
(0)
2 n
(i)
1 is trivialized by Eq. (E70).
(2.5) n3
2
= n
(i)
1 n
(j)
2 (1 ≤ i < j ≤ K) [obstructed].
We have Sq2(n3)
2
= Sq2(n
(i)
1 n
(j)
2 )
2
= n
(i)
1 (n
(j)
2 )
2, and
O5[n3] = (−1)n
(0)
2 n
(i)
1 n
(j)
2 +n
(i)
1 (n
(j)
2 )
2
= e
2pii
Ni/2
Ni
n
(0)
2 n
(i)
1 n
(j)
2 +2pii
Ni/2
Ni
n
(i)
1 (n
(j)
2 )
2
. (E81)
The cohomology group H5(G,U(1)) has subgroups Zgcd(m,Nij) = 〈e2pii
1
Ni
n
(0)
2 n
(i)
1 n
(j)
2 〉 and ZNij = 〈e2pii
1
Ni
n
(i)
1 (n
(j)
2 )
2〉.
So O5[n3] is trivial iff Ni/2 ∈ gcd(m,Nij)Z and Ni/2 ∈ NijZ. This is impossible since we have assumed Ni ≤ Nj .
Therefore, n3
2
= n
(i)
1 n
(j)
2 (1 ≤ i < j ≤ K) is always obstructed.
(2.6) n3
2
= n
(j)
1 n
(i)
2 (1 ≤ i < j ≤ K) [obstruction-free iff Ni < Nj].
This case is similar to the above one with i and j switched. So the conclusion is that, O5[n3] is trivial iff Nj/2 ∈
gcd(m,Nij)Z and Nj/2 ∈ NijZ. These conditions are satisfied iff Ni < Nj (note that we have assumed Ni ≤ Nj).
Therefore, n3
2
= n
(j)
1 n
(i)
2 (1 ≤ i < j ≤ K) is obstruction-free iff Ni < Nj .
(2.7) n3
2
= n
(0)
1 n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K) [obstructed].
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Using the properties of Steenrod square, we have
Sq2(n3)
2
= Sq2[n
(0)
1 n
(i)
1 n
(j)
1 ]
2
= (n
(0)
1 )
2(n
(i)
1 )
2n
(j)
1 + (n
(0)
1 )
2n
(i)
1 (n
(j)
1 )
2 + n
(0)
1 (n
(i)
1 )
2(n
(j)
1 )
2. (E82)
The obstruction function is
O5[n3] = (−1)n
(0)
2 n
(0)
1 n
(i)
1 n
(j)
1 +(n
(0)
1 )
2(n
(i)
1 )
2n
(j)
1 +(n
(0)
1 )
2n
(i)
1 (n
(j)
1 )
2+n
(0)
1 (n
(i)
1 )
2(n
(j)
1 )
2
(E83)
= (−1)n(0)2 n(0)1 n(i)1 n(j)1 +(n(0)1 )2(n(i)1 )2n(j)1 × e(pii/2)d[n(0)1 n(i)1 (n(j)1 )2+n(0)1 n(i)1 (n(j)1 )2] (E84)
d
= (−1)n(0)2 n(0)1 n(i)1 n(j)1 +(n(0)1 )2(n(i)1 )2n(j)1 (E85)
= e
2pii
gcd(m,Nij)/2
gcd(m,Nij)
n
(0)
2 n
(0)
1 n
(i)
1 n
(j)
1 +pii(n
(0)
1 )
2(n
(i)
1 )
2n
(j)
1 . (E86)
The first term e
2pii
gcd(m,Nij)/2
gcd(m,Nij)
n
(0)
2 n
(0)
1 n
(i)
1 n
(j)
1 is always a nontrivial cocycle in the subgroup Zgcd(m,Nij) [of H5(Gb, U(1))]
generated by e
2pii 1
gcd(m,Nij)
n
(0)
2 n
(0)
1 n
(i)
1 n
(j)
1 . So n3
2
= n
(0)
1 n
(i)
1 n
(j)
1 (1 ≤ i < j ≤ K) is always obstructed.
(2.8) n3
2
= n
(i)
1 n
(j)
1 n
(k)
1 (1 ≤ i < j < k ≤ K) [obstruction-free iff m < Nijk].
Similar to the previous case, we have
Sq2(n3)
2
= Sq2[n
(i)
1 n
(j)
1 n
(k)
1 ]
2
= (n
(i)
1 )
2(n
(j)
1 )
2n
(k)
1 + (n
(i)
1 )
2n
(j)
1 (n
(k)
1 )
2 + n
(i)
1 (n
(j)
1 )
2(n
(k)
1 )
2. (E87)
The obstruction function is
O5[n3] = (−1)n
(0)
2 n
(i)
1 n
(j)
1 n
(k)
1 +(n
(i)
1 )
2(n
(j)
1 )
2n
(k)
1 +(n
(i)
1 )
2n
(j)
1 (n
(k)
1 )
2+n
(i)
1 (n
(j)
1 )
2(n
(k)
1 )
2
(E88)
d
= (−1)n(0)2 n(i)1 n(j)1 n(k)1 +(n(i)1 )2(n(j)1 )2n(k)1 (E89)
= e
2pii
Nijk/2
Nijk
n
(0)
2 n
(i)
1 n
(j)
1 n
(k)
1 +2pii
NiNjNk/8
Nk
n
(i)
2 n
(j)
2 n
(k)
1 . (E90)
The cohomology group H5(Gb, U(1)) has subgroups Zgcd(m,Nijk) generated by e
2pii 1Nijk
n
(0)
2 n
(i)
1 n
(j)
1 n
(k)
1 and ZNijk gen-
erated by e
2pii 1Nk
n
(i)
2 n
(j)
2 n
(k)
1 . So O5[n3] is a trivial cocycle iff Nijk/2 ∈ gcd(m,Nijk)Z and NiNjNk/8 ∈ NijkZ. Using
the fact 2 ≤ Ni ≤ Nj ≤ Nk, these conditions are equivalent to m < Ni and NjNk/8 ∈ Z. As m ≥ 2, they can be
further simplified to m < Ni only. In summary, n3
2
= n
(i)
1 n
(j)
1 n
(k)
1 (1 ≤ i < j < k ≤ K) is obstruction-free iff m < Ni.
c. Summary
We note that all the obstruction functions are different for the above obstructed generating n3’s. So the summation
of several generators is obstructed if one of the generator is obstructed. In summary, the trivialization-free and
obstruction-free classification data (n2 = 0, n3, ν4) belongs to the groups:
n3 ∈
∏
1≤i≤K
{
Z2, (m > Ni)
0, (m ≤ Ni)
×
∏
1≤i<j≤K
{
Z2, (Ni < Nj)
0, (Ni = Nj)
×
∏
1≤i<j<k≤K
{
Z2, (m < Nijk)
0, (m ≥ Nijk)
, (E91)
ν4 ∈
∏
1≤i≤K
Zgcd(m,Ni)Zgcd(m,Ni)/2 ×
∏
1≤i<j≤K
Z2NijZgcd(m,Nij) ×
{
Zgcd(m,Nij)/2, (m ≥ Nij)
Zgcd(m,Nij), (m < Nij)
×
∏
1≤i<j<k≤K
Z2NijkZgcd(m,Nijk) ×
∏
1≤i<j<k<l≤K
ZNijkl . (E92)
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